Multi-link laser interferometer architecture for a next generation GRACE by Francis, Samuel Peter
Multi-link laser interferometer architecture
for a next generation GRACE
Samuel Peter Francis
A thesis submitted for the degree of
Doctor of Philosophy
at the Australian National University
Submitted
31st May, 2017
c© Copyright by Samuel Peter Francis 2017
ii
Declaration
This thesis is an account of research undertaken between February 2013 and May 2017 at
The Centre for Gravitational Physics, Department of Quantum Science, The Australian
National University, Canberra, Australia.
Except where acknowledged in the customary manner, the material presented in this thesis
is, to the best of my knowledge, original and has not been submitted in whole or part for
a degree in any university.
Samuel Peter Francis
31st May, 2017
iii

Acknowledgements
This research is supported by an Australian Government Research Training Program
(RTP) Scholarship. The research described in this thesis was also supported under
the Australian Research Council’s Discovery Projects funding scheme (project number
DP140103575). The research was also completed as a recipient of a student scholarship
from the Space Environment Research Centre (SERC).
A PhD is a colossal task, something I didn’t appreciate fully when I first started. I have
made it to the end but this was not without the support and guidance of others.
To my primary supervisor Daniel, I am incredibly grateful for your time and encourage-
ment throughout the years. I have the highest respect for you and am inspired by your
ability to explain even the most complicated concepts in a way that is easy to understand.
Sorry that you won’t be able to introduce me as a final year PhD student again.
Tim, thanks for all of your help and your patience and understanding. You are a hard
taskmaster but that is exactly what I needed to motivate me to get my thesis finished.
David, thanks for making the Centre for Gravitational Physics what it is. The centre has
been an amazing place to complete my thesis with a work culture unlike anything I have
experienced before. I hope that wherever I go next can be as fun and rewarding.
I’ve been in the Centre for Gravitational Physics since 2011. Over this time I have been
lucky to work with lots of exceptionally smart people. Lyle, you introduced me to the
group and have been a mentor since my days as an undergraduate. Thanks. Special
thanks also to Georgia, Shasi, Thanh and Silvie for their friendship over the years. It’s
nice to have friends at work but even better when they are among your best friends.
Thanks to all of the the other graviteers. The postdocs – Robert Ward, Bram Slagmolen,
Jong Chow, Paul Altin, Roland Fledderman, and Terry McRae – even if I didn’t work
with you directly, you provided support and advice when needed. Graviteers of the past
– Danielle, Andrew Sutton, Andrew Wade, Sheon, Alberto, Conor – you taught me the
tricks of the trade and proved that there was light at the end of the tunnel. And graviteers
of the present – Jarrod, Min Jet, Chatters, Paul Sibley, David McManus, Tarquin, Perry,
Nathan, Cathy, Keshu – thanks for all of the fun times.
I have had some incredible opportunities during my PhD. Thanks Kirk, Brent, Bob and
Bill at the Jet Propulsion Laboratory for hosting my visit and your continued support
when I email you questions about GRACE. Thanks Harry, Christian, Mike, David and
everyone else at the Institute for Gravitational Research who made my stay in Glasgow
so enjoyable. Thanks to Simon Gross from OptoFab at Macquarie University for building
the 3D laser written waveguide. And thanks to everyone in Liquid Instruments. It has
been a hugely rewarding experience being part of this small (but growing) team and I look
forward to seeing where it will go.
Thanks to my family for their love and support and thanks for making me into the person
I am today. Without you, none of this would have been possible.
Finally, thanks to Jessie for your love and cheering me up when I was feeling stressed
towards the end. Looking forward to spending some work free (!) weekends with you.
v

Abstract
When GRACE Follow-On (GRACE-FO) launches, it will be the first time a laser in-
terferometer has been used to measure displacement between spacecraft. In the future,
interspacecraft laser interferometry will be used in LISA, a space-based gravitational wave
detector, that requires the change in separation between three spacecraft to be measured
with a resolution of 1 pm/
√
Hz. The sensitivity of an interspacecraft interferometer is
potentially limited by spacecraft degrees-of-freedom, such as rotation, coupling into the
interspacecraft displacement measurement. GRACE-FO and LISA therefore have strict
requirements placed on the positioning and alignment of the interferometers during space-
craft integration.
Decades of work has gone into adapting traditionally lab-based techniques for these space
applications. As an example, GRACE-FO stops rotation of the two spacecraft from coup-
ling into displacement using the triple mirror assembly. The triple mirror assembly is a
precision optic, comprised of three mirrors, that function as a retroreflector. Provided the
triple mirror assembly vertex coincides with the spacecraft centre of mass, any spacecraft
rotation will asymmetrically lengthen and shorten the optical pathlengths of the incoming
and outgoing beams, ensuring that the round trip pathlength between the spacecraft is
unaffected. To achieve the required displacement sensitivity, the triple mirror assembly
vertex must be positioned within 0.5 mm of the spacecraft centre of mass, making space-
craft integration challenging.
In this thesis a new, all-fibre interferometer architecture is presented that aims to simplify
the positioning and alignment of space-based interferometers. Using multiple interspace-
craft link measurements and high-speed signal processing the interspacecraft displacement
is synthesised in post-processing. The multi-link interferometry concept is similar to the
triple mirror assembly’s symmetric suppression of rotation, however, since the rotation-
to-pathlength cancellation is performed in post-processing, the weighting of each inter-
spacecraft link measurement can be optimised to completely cancel any rotation coupled
error. Consequently, any uncertainty in the positioning of the multi-link interferometer
during spacecraft integration can be corrected for in post-processing. The strict hardware
integration requirements of current interferometers can therefore be relaxed, enabling a
new class of simpler, cheaper missions.
The multi-link concept is evaluated as a potential interferometer architecture for a next
generation GRACE mission. The multi-link GRACE concept uses several fibre coupled
optical heads on each spacecraft to form multiple interspacecraft links between spacecraft.
To cancel rotation coupled error from rotation of both spacecraft, 9 interspacecraft links
are formed between 3 optical heads positioned on each spacecraft. Displacement is meas-
ured in both directions along each link using digitally implemented phasemeters. The 18
interspacecraft displacement measurements are then combined using artificial delays and
different weights to cancel laser frequency equivalent displacement noise, fibre pathlength
fluctuations and rotation coupled displacement error.
The interferometer uses digitally enhanced heterodyne interferometry to multiplex the
multiple link beatnotes; Time delay interferometry is used to suppress the laser frequency
displacement noise and fibre fluctuations; and, to simplify the acquisition of the multiple
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interspacecraft links, the beam divergence out of each optical head is made sufficiently
large so that links can be acquired without requiring a dedicated link acquisition strategy.
Although this design simplifies the spacecraft integration and alignment it comes with
some challenges: without an active link acquisition, the received power on the distant
spacecraft could be considerably lower than in GRACE-FO; time delay interferometry
has not been tested on a GRACE-like interferometer; and the cancellation of rotation-
to-pathlength coupled error using a weighted average of multiple link measurements has
not been demonstrated. Three experiments are presented in this thesis, addressing these
challenges.
In both GRACE-FO and LISA, phasemeters are used to track the phase of the lasers
transmitted along each interspacecraft link. Tracking the phase of optical signals with
low signal-to-noise ratios (SNR) is difficult because the higher, relative noise can lead to
nonlinear behaviour in the phasemeter. In the first experiment presented in this thesis, the
dominant noise sources – laser frequency noise and shot noise – that limit the phasemeter’s
ability to track low SNR signals are analysed. By optimising the phasemeter bandwidth to
minimise the error from these two noise sources, the probability of nonlinear phasemeter
behaviour is also minimised. A benchtop demonstration was performed to verify the
analysis, with the bandwidth optimisation used to track a 30 fW free-running signal -
the lowest power signal that has been tracked to date. The analysis indicates that sub-
femtowatt signals could be tracked if the laser frequency is pre-stabilised.
The second experiment describes the development of a time delay interferometry combin-
ation for a GRACE-like interferometer that recovers the displacement sensitivity of the
phase locked GRACE-FO interferometer. The combination could be used to test time
delay interferometry on GRACE-FO as part of the LISA Experience On Grace Optical
Payload (LEGOP) project. It also demonstrates time delay interferometry could be used
on a GRACE-like interferometer for laser frequency displacement noise suppression. The
proposed test uses a tone assisted time delay interferometric ranging (TDIR) algorithm to
determine the delays required to suppress the displacement noise due to one laser in the
displacement measurement between the GRACE spacecraft. Under simulated GRACE-
FO conditions, the tone assisted TDIR algorithm was used to suppress the laser frequency
equivalent displacement noise by 8 orders of magnitude. This was below the residual
laser frequency displacement noise requirement on GRACE-FO of 20 nm/
√
Hz. An ex-
perimental test of the algorithm demonstrated the capabilities of the proposed algorithm
in the presence of large path length fluctuations, a macroscopic optical delay and different
electronic delays.
The third experiment tested the multi-link GRACE architecture. In the benchtop ex-
periment a local spacecraft with 3 optical heads was modeled. Pitch and yaw of the
local spacecraft were emulated using the tip and tilt actuators on a piezo-electric steering
mirror. The displacement was measured along 3 links formed between the local optical
heads and a single distant spacecraft optical head. Using a weighted average of the 3 link
measurements, rotation-to-pathlength coupled error from the simulated pitch and yaw of
the local spacecraft were suppressed by up to 18 dB. In addition to spacecraft rotation,
tones were injected to model laser frequency noise, fibre fluctuations and an ‘interspace-
craft’ displacement signal. The laser noise, fibre noise and rotation-to-pathlength noise
were all suppressed down to the 1 nm/
√
Hz measurement noise floor without affecting the
measurement of the ‘interspacecraft’ displacement signal.
The results of the three experiments, along with a prediction of the displacement sensitivity
in a multi-link GRACE, verify the feasibility of the multi-link architecture. More testing
and development is needed however before a multi-link GRACE can be realised, with a
number of these tests outlined in the discussion.
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Chapter 1
Candidate laser interferometer
architecture for next generation
GRACE
The Gravity Recovery and Climate Experiment Follow-On (GRACE-FO) mission will
include the first demonstration of interspacecraft laser interferometry [1], starting a new
era of precision space-based metrology. GRACE-FO continues the geodesy mission started
by GRACE [2]. Since it launched in 2002, GRACE has been monitoring time and spatial
variations in Earth’s geoid. The GRACE data has provided valuable insights into the
large scale motion of water, leading to an extensive body of climate change research [3–5].
GRACE uses a microwave ranging instrument [6] to track the displacement between two
spacecraft in a shared, low-Earth orbit. The displacement measured with the microwave
instrument has a 1 µm/
√
Hz noise floor. Since GRACE launched, many [7–11] have
considered how a next generation GRACE could employ a laser link to improve this
sensitivity. GRACE-FO will again use a microwave instrument, however it will also include
a laser interferometer as a technology demonstration [12]. With a predicted displacement
noise sensitivity of 90 nm/
√
Hz [1], the GRACE-FO laser ranging interferometer will affirm
the technology’s value for a next generation GRACE mission and for future interferometry
missions in general.
Space-based interferometers face different challenges compared with their lab-based coun-
terparts and therefore traditional interferometer designs must be rethought. The inter-
ferometers need to survive high accelerations and vibrations during launch since, once
launched, they cannot be repaired without great cost. The interferometers therefore
demand a reliability and robustness, that is not needed from an interferometer used
in a controlled lab environment. A number of challenges had to be overcome during
the development of the GRACE-FO laser interferometer including: link acquisition [13,
14]; laser frequency equivalent displacement noise suppression [12, 15]; and rotation-to-
pathlength coupling [16–19]. Decades of work has gone into adapting lab-based interfer-
ometry techniques to solve similar problems in other space-based laser interferometers,
such as LISA [20], ASTROD [21] and DECIGO [22], driving their cost and complexity.
In this chapter the main factors complicating the positioning and alignment of space-based
interferometers are explained. A new interferometer architecture, multi-link interfero-
metry, is introduced that has been specifically designed to simplify spacecraft integration.
The concepts guiding the architecture design are explained; multi-link interferometry is
proposed as a candidate architecture for a next generation GRACE mission; and the ma-
jor challenges currently preventing a multi-link GRACE are indicated. The chapter ends
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with an overview of the thesis, outlining the experiments and analysis that have been
performed, in order to evaluate the proposed architecture.
1.1 Rotation-to-pathlength coupling in an interspacecraft
laser interferometer
GRACE-FO will use a microwave instrument to measure the change in displacement along
two one-way links between spacecraft. The basic measurement concept is illustrated in
Figure 1.1. The separation between the two GRACE-FO spacecraft is on the order of 200
km. As they orbit the Earth, mass anomalies will cause the interspacecraft separation
xR(t) between the two spacecraft to be modulated, since the spacecraft experience the
gravitational forces at different times. The displacement measurement is also affected
by the tides, atmospheric drag and the ionosphere [24]. To extract the gravitational
information, the raw displacement measurements made on each spacecraft have to be
transmitted to the ground for post-processing [6]. Combining information from GPS [24],
accelerometers [25] and spacecraft attitude measurements from star cameras [26] a number
of corrections are made to remove these non-gravitational effects [27].
Spacecraft rotation can also couple into the interspacecraft displacement measurement. A
lateral offset in the microwave link from the line-of-sight between the spacecraft centres
of mass will lead to spacecraft rotation coupling into the displacement measurement. In
GRACE, the microwave ranging instrument is positioned along the line-of-sight between
the accelerometers in order to reduce the coupling of spacecraft attitude jitter into path-
length. Precise measurements of spacecraft attitude from the star cameras [28] are used
to correct the displacement measurements to further minimise the effects of any rotation-
to-pathlength coupling.
Since the GRACE-FO laser ranging interferometer is a technology demonstration, it must
not interfere with the primary microwave instrument. Consequently, the laser link cannot
be positioned along the line-of-sight. Figure 1.2 illustrates the sensitivity to rotation if the
laser link is offset from the line-of-sight. In the figure, the laser link between spacecraft 1
and spacecraft 2 is offset a distance d from the line-of-sight between the spacecraft centres
of mass. The link is used to measure displacement between the centre of mass plane1 on
spacecraft 1 and the centre of mass plane on spacecraft 2. An angular misalignment due
to a spacecraft rotation, θ(t), introduces a first order optical path length error of:
∆xtilt(t) = d sin θ(t) (1.1)
The coupling strength is directly proportional to the offset from the line-of-sight.
The GRACE-FO laser ranging interferometer has been designed to use symmetry to min-
imise the rotation-to-pathlength coupling in the interspacecraft displacement. The inter-
ferometer will route the laser around the microwave ranging instrument using the triple
mirror assembly (TMA)2, a system of three mirrors that routes the beam symmetrically
either side of the spacecraft centre of mass. Provided the triple mirror assembly is placed
so that its vertex coincides with the spacecraft centre of mass, any rotation will be can-
celled due to the symmetry of the paths. The challenge then becomes integrating the laser
1While the centre of mass is a point and therefore does not define a plane, centre of mass plane is
used throughout this thesis to describe the plane through the centre of mass that is orthogonal to the
line-of-sight between spacecraft.
2The TMA is discussed more in Section 3.2.2
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(a) GRACE spacecraft passing mass anomaly
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Fg Fg
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depleted groundwater
one-way links
(b) The GRACE spacecraft passing uniform mass
Figure 1.1: The GRACE measurement concept [23]. In (a) the spacecraft are shown passing
over a region with groundwater. Both spacecraft will experience a similar gravitational attraction
to the groundwater Fg. The delay between the spacecraft mean they experience the gravitational
attraction at different times, modulating the spacecraft separation as they pass over. In the instant
shown, spacecraft 1 (SC1) has passed the groundwater and starts decelerating as the gravitational
attraction pulls it back. The trailing spacecraft 2 (SC2) is attracted towards the groundwater
however since it is yet to pass over, it accelerates, causing the displacement between the two
spacecraft to decrease. In (b) the groundwater has been depleted and the two spacecraft now pass
over the site of the missing groundwater without experiencing any change in separation. Comparing
measurements over months and years GRACE is able to detect similar regional changes in mass.
In [4] the GRACE measurements were used to show a similar depletion of groundwater in northern
India.
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Figure 1.2: If a laser link between two spacecraft is offset from the line-of-sight between the
spacecraft centres of mass (c.m) by a distance d, a rotation θ(t) of either spacecraft will introduce
a first order pathlength error ∆xtilt(t) = d sin θ(t) to the displacement measurement. Higher order
errors are discussed in Chapter 3.
ranging interferometer with the rest of the spacecraft to within the tight tolerances – the
vertex needs to be positioned within 0.5 mm of the spacecraft centre of mass to achieve
the required displacement sensitivity [17].
1.2 A new laser interferometer architecture for a next
generation GRACE
Multi-link interferometry has been developed to ease the spacecraft integration and re-
lax the requirements on positioning and alignment while still enabling the cancellation
of rotation-to-pathlength coupling. To explain the multi-link concept, the simple space
interferometer shown in Figure 1.2 is again considered, but this time, a second laser link
is added. The result is shown in Figure 1.3. Measuring the displacement along both links
provides a way to disentangle the spacecraft rotation from the spacecraft displacement. In
this example, the two laser links, which are denoted A and B, are positioned symmetrically
either side of the spacecraft centre of mass. A relative rotation of spacecraft 2 by θ(t) will
result in an anti-symmetric lengthening and shortening of the two laser links. Measuring
the displacement along link A, xA(t), and link B, xB(t), provides two measurements of
the spacecraft displacement, xR(t), with anti-symmetric measurements of the spacecraft
rotation-to-pathlength coupling, ∆xtilt(t):
xA(t) = xR(t)−∆xtilt(t) (1.2)
xB(t) = xR(t) + ∆xtilt(t) (1.3)
Since the links are symmetric, averaging the two measurements cancels the spacecraft
rotation coupled displacement error, and the interspacecraft displacement is recovered:
xc.m(t) =
1
2
· (xA(t) + xB(t)) = xR(t) (1.4)
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Figure 1.3: Multi-link interferometry concept. With multiple laser link measurements between
spacecraft it is possible to sense the multiple degrees of freedom that affect the spacecraft displace-
ment measurement. Two laser links are shown, A and B, placed symmetrically either side of the
spacecraft center of mass (c.m), offset by ± d in the plane passing through the centre of mass,
orthogonal to the line of sight. Taking an average of the displacement measured along each link,
an estimate of the centre of mass displacement can be synthesised.
The use of symmetry in this multi-link example is similar to the cancellation of rotation in
the TMA. The main advantage of the multi-link architecture however is that the multiple
link measurements are combined in post-processing, as opposed to optically in the TMA.
Consequently, when the measurements are added, their relative weights can be varied.
Provided they are in the plane of the centre of mass, any arrangement of links between
spacecraft can be used to measure the interspacecraft displacement. The weights can
then be optimised to synthesise the centre of mass displacement and completely cancel
the rotation-to-pathlength coupled error. This allows drastically larger uncertainty in the
positioning of the links, easing the spacecraft integration by relaxing the requirements on
positioning and alignment. In this respect the technique is also similar to the corrections
applied to the GRACE microwave ranging data.
An all-fibre multi-link GRACE concept architecture is shown in Figure 1.4. Constructed
entirely in fibre, the interferometer will be compact, minimising the size and mass, and
simplifying spacecraft integration further. To cancel the rotation coupled error due to
rotation of both spacecraft, more than 2 laser links are needed. A multi-link GRACE
would need at minimum 9 interspacecraft links to cancel both pitch and yaw coupled
displacement error. In the concept architecture shown, this is achieved using 3 fibre-
coupled optical heads per spacecraft. Forming links between all optical head pairs on
the two spacecraft, and measuring displacement at both ends of each link, provides 18
independent measurements of the interspacecraft displacement.
The multi-link architecture has been designed to simplify the alignment and position-
ing of interspacecraft interferometers, however there are several aspects of the proposed
architecture in Figure 1.4 that require testing before it can be determined if the architec-
ture succeeds at this goal. Measuring the displacement along the 9 interspacecraft links
shown in Figure 1.4 will require some type of signal multiplexing; acquiring the 9 laser
links will be difficult, adding an extra layer of complexity to the GRACE-FO acquisition
strategy [13, 14]; a laser frequency displacement noise suppression technique compatible
with the multiple links is needed; and, most importantly, the cancellation of rotation-to-
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Figure 1.4: Multi-link GRACE concept architecture. The all-fibre architecture is shown for both
spacecraft. A minimum of 9 interspacecraft links are needed to cancel pitch and yaw coupled
error from both spacecraft. The links are formed between 3 optical heads positioned arbitrarily
within the plane of the centre of mass on each spacecraft. Combining the 18 link measurements in
post-processing, the centre of mass displacement, xR(t), can be recovered.
pathlength coupled noise using a weighted average of multiple link measurements, has to
be tested.
Recent advances in moving the complexity of interferometry into signal processing make
this architecture feasible [29–31]. In Chapter 3 a more detailed multi-link GRACE architec-
ture will be presented that uses digitally enhanced heterodyne interferometry (DEHI) [32]
for multiplexing, relies on only star camera alignment for link acquisition, and uses time
delay interferometry (TDI) [33] for laser frequency displacement noise suppression. Sev-
eral aspects of this design however require testing and will be the focus of this thesis. The
major challenges of the multi-link architecture addressed in this thesis are:
1. Cancelling rotation-to-pathlength coupling in a weighted average
2. Tracking the phase of optical signals with low SNR
3. Suppressing frequency displacement noise with TDI in GRACE
1.3 Thesis outline
The aim of this thesis is to evaluate the proposed multi-link architecture and determine
whether it is an appropriate candidate for a next-generation GRACE mission. The thesis
outline is shown in Figure 1.5.
In Chapter 2 current space-based laser interferometry designs are reviewed with a detailed
look at the GRACE-FO laser ranging interferometer. The similarities with the Laser
Interferometer Space Antenna (LISA) mission are discussed, explaining how heterodyne
interferometry will be used to measure the spacecraft displacement in both, and the noise
sources that will limit the displacement sensitivity are discussed.
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Figure 1.5: Thesis outline
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With this background established, in Chapter 3 a detailed multi-link GRACE architecture
is presented. The signal processing required to transform multiple one-way link measure-
ments into a round-trip displacement measurement between spacecraft centres of mass is
explained. Some of the effects that could potentially limit the displacement sensitivity of
the interferometer are then highlighted. This leads to a discussion of the main challenges
of the multi-link architecture.
In Chapters 4-6 three experiments are presented that have been used to verify the multi-
link concept, addressing these challenges.
In Chapter 4 the first of these experiments is described: an experimental demonstration
of phase tracking a low signal-to-noise ratio (SNR) signal. Chapter 5 reports on the
development of a potential laser frequency displacement noise suppression test using time
delay interferometry on GRACE-FO. Then, in Chapter 6, a proof of principle experiment
is presented where the simulated pitch and yaw of a spacecraft is suppressed using a
weighted average, in the first demonstration of a multi-link interferometer.
In Chapter 7, based on the results of these three investigations, the multi-link architecture
is evaluated, the displacement sensitivity of a multi-link GRACE is predicted and the
remaining work that needs to be performed before the architecture can be realised on a
next-generation GRACE mission is outlined.
Chapter 8 concludes the thesis, highlighting the major contributions of this work. The
further work required to realise a multi-link GRACE is discussed in more detail and some
other applications of the multi-link architecture are briefly discussed.
1.4 Publications
Publications directly related to the work in this thesis are as follows:
S.P. Francis, T.T-Y. Lam, K. McKenzie, A.J. Sutton, R.L. Ward, D.E. McClelland, and
D.A. Shaddock, “Weak-light phase tracking with a low cycle slip rate,” Optics letters
39(18), 5251—5254 (2014).
S.P. Francis, D.A. Shaddock, A.J. Sutton, G. deVine, B. Ware, R.E. Spero, W.M. Klip-
stein, and K. McKenzie, “Tone-assisted time delay interferometry on GRACE Follow-On,”
Physical Review D 92(1), 012005 (2015).
S.P. Francis, T.T-Y. Lam, D.E. McClelland, and D.A. Shaddock, “Multi-link laser in-
terferometry architecture for interspacecraft displacement metrology,” Journal of Geodesy
(2017).
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Chapter 2
Current laser interferometer
architectures for interspacecraft
metrology
Before studying the multi-link interferometry concept in detail, the measurement principles
behind two missions – LISA and GRACE-FO – are first explained. The heterodyne laser
interferometry technique at the core of both measurement schemes is introduced and some
of the techniques that can be used to extend the capabilities of the heterodyne technique
are described. The chapter ends with a discussion of the main noise sources limiting the
displacement sensitivity of the two missions. The aim is to provide the reader with a point
of comparison for the discussion of the multi-link interferometer in the next chapter as
well as introduce the language and notation that will be used throughout this thesis when
analysing interferometers.
2.1 LISA and the GRACE-FO laser ranging interferometer
Well before the detection of gravitational waves with LIGO [34], space-based gravitational
wave observatories, such as LISA [20], have been under development as a way to probe
the low frequency – mHz to Hz – gravitational wave sources outside the band of terrestrial
detectors. Operating in space, LISA will benefit from longer arm lengths and isolation
from seismic and other terrestrial noise sources currently limiting the low frequency – 10
Hz and below – sensitivity of LIGO. Without these limiting sources, a LISA-like mission
will potentially detect gravitational waves from black hole mergers, such as GW150914,
weeks and even months before the actual collision [35].
Like the LIGO interferometer [36], LISA will detect gravitational waves by measuring the
displacement of inertial test masses at the ends of two arms of a Michelson interferometer.
Most LISA concepts use a constellation of three spacecraft, with separations on the order
of 1 million kilometres, and two-way laser links between each adjacent spacecraft pair. On
each spacecraft there will be two test masses, allowing three Michelsons to be formed from
the six inter-spacecraft links.
LISA has been selected by the European Space Agency as one of its large-class missions,
with a planned launch in 2034 [37]. After decades of development, the basic LISA archi-
tecture is well defined, with many aspects of the mission holding a high level of technical
readiness [38]. In 2015, a LISA precursor mission, LISA Pathfinder, was used to demon-
strate the disturbance reduction systems needed for the drag-free operation of the LISA
9
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Figure 2.1: The LISA and GRACE-FO missions. Both interferometers use two-way laser links
between spacecraft to measure the change in separation. In LISA, the links are ultimately meas-
ured between inertial masses on each spacecraft while GRACE-FO will measure displacement
between the spacecraft themselves. LISA has three spacecraft with arms around 1 million kms
while GRACE-FO consists of two spacecraft with a separation on the order of 200 km.
spacecraft [39]. In Pathfinder, the relative acceleration noise between two free-falling ref-
erence test masses was measured to be as low as (0.54± 0.01)× 10−15 g/√Hz across the
LISA band. Other missions, including GRACE-FO and Gaia [40], have also provided
opportunities to test aspects of the LISA architecture [38].
The GRACE-FO laser ranging interferometer design benefited directly from LISA work.
Consequently the laser ranging interferometer shares several aspects of the proposed LISA
measurement scheme, namely: laser pre-stabilisation, MHz Doppler shifts, a received
power around 100 pW, and a heterodyne displacement measurement using a digital phase-
locked loop. Development of the laser ranging interferometer can therefore be used to
inform the implementation of the displacement measurement system and laser frequency
reference cavity for LISA [38].
Figure 2.1 compares the LISA and GRACE-FO missions. While the two missions have
similar measurement concepts, their scales differ by many orders of magnitude necessit-
ating different techniques. In the next section, the displacement measurement techniques
used by both LISA and GRACE-FO are introduced. In Chapter 5 some of the addi-
tional techniques - Time Delay Interferometry and Arm locking - required on LISA, are
described.
2.2 Measuring interspacecraft displacement
Both LISA and GRACE-FO use heterodyne interferometry and a digital implementation
of a phase-locked loop to track the interspacecraft displacement.
The phase, φ(t), of an optical field scales with the optical pathlength. Therefore a laser
link between spacecraft with an interspacecraft displacement, xR(t), will have a phase
change:
φ(t) = 2pi
(
ft+
xR(t)
λ
)
[rad] (2.1)
where f is the laser frequency, t is time and λ is the wavelength of the laser. By track-
ing the phase of the optical field, it is therefore possible to measure the interspacecraft
displacement.
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Displacement interferometry can be used for not only precision measurements of path-
length but also changes in optical wavelength [41], refractive index [42], velocity [43]
and even rotation [44]. This section explains how LISA and GRACE-FO use displace-
ment interferometry and signal processing to track changes in the separation between two
spacecraft.
2.2.1 Heterodyne displacement interferometry
Laser frequencies are typically hundreds of terahertz and are therefore too fast for the
phase of the optical field to be measured directly. Instead, heterodyne interferometry can
be used to infer the phase of the optical field. Heterodyne interferometry compares the
optical frequency of a signal laser with the optical frequency of a local oscillator field.
A laser carrying the displacement signal can be interfered with a local, frequency offset
laser, shifting the signal down to a more manageable radio frequency (RF). An RF signal
is within the sampling rate of digital systems allowing the phase to then be extracted
using digital signal processing.
A frequency offset, fhet, between the two lasers will result in a beatnote at fhet when the
signal and local oscillator fields interfere. The beatnote phase encodes the optical phase
of the interfering fields; a change of 1 cycle in the displacement signal results in a 1 cycle
change in the beatnote phase. The detected beatnote will change from constructive to
destructive interference millions of times a second, modulating the laser power on the
detector.
ELO(t)
detectorlocal oscillator
laser beamsplitter
FPGA
digital 
signal 
processing
Vhet(t)
Esig(t)
Figure 2.2: Heterodyne interferometry in LISA and GRACE-FO. Both LISA and GRACE-FO use
heterodyne interferometry to infer the spacecraft displacement. The weak signal beam, Esig(t),
arriving from the distant spacecraft is interfered with a bright, frequency offset local oscillator
ELO(t) using a beamsplitter. The resulting beatnote measured by the photodetector is tracked in
digital signal processing on a Field Programmable Gate Array (FPGA) to recover the displacement
signal.
Figure 2.2 shows an example heterodyne interferometer. In the figure, a signal laser with
electric field:
Esig(t) =
√
Psige
i(2pifsigt+φsig(t)) (2.2)
is interfered at a beamsplitter with a local oscillator (LO) laser:
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ELO(t) =
√
Ploe
i(2pifLOt+φLO(t)) (2.3)
The interference between the two fields is measured by the photodetector. The detector
outputs a voltage, Vhet(t), proportional to the power of the detected light:
Vhet(t) ∝ PLO + Psig + 2
√
PLOPsig cos(2pifhett+ φhet(t)) (2.4)
The photodetector output, Vhet(t), is proportional to the DC power of the interfering
local oscillator and signal lasers, PLO and Psig
1 respectively, and an interference term that
oscillates at the difference frequency: fhet = fLO − fsig. Most importantly, the phase of
the beatnote, φhet(t) = φlo(t)− φsig(t), is proportional to the phase of the signal.
LISA and GRACE-FO both use heterodyne interferometry to measure the interspacecraft
displacement. In some respects this is necessary: the relative motion of the spacecraft will
doppler shift the signal frequency by a few MHz [1]. There are other advantages to using
heterodyne interferometry however. The signal coming from the distant spacecraft will be
low power (pW) when it arrives at the detector. As a coherent technique, the heterodyne
interference between the low power signal and a high power (mW) local oscillator, will
amplify the signal above the detector noise floor. This increases the dynamic range of the
measurement, changing the measurement from a technical noise limited measurement to
a quantum noise limited measurement. Compared with homodyne interferometry, hetero-
dyne interferometry also isolates the measurement from low frequency laser and electronic
noise.
2.2.2 Phasemeter displacement measurements
Following detection the beatnote is digitised using an Analog-to-Digital Converter (ADC)
and then processed on a Field-Programmable Gate Array (FPGA). The interspacecraft
displacement can be determined by measuring the phase of the heterodyne beatnote with
a phasemeter [45, 46], a linear phase tracker that has been experimentally verified to have
a dynamic range over 9 orders of magnitude [47].
An example phasemeter is shown in Figure 2.3. The phasemeter is able to track the
heterodyne phase by locking the phase of a numerically controlled oscillator (NCO) to the
detected beatnote. The phase of the NCO then provides a measurement of the heterodyne
phase.
The NCO is locked to the heterodyne beatnote by feeding back the phase error between
the two signals to the NCO phase. The NCO output, NCOout, is of the form:
NCOout = cos(2pifNCOt) (2.5)
where fNCO is the frequency of the NCO.
The phase error between the beatnote and the NCO is determined by multiplying the
signals using a mixer and then low pass filtering. Using Eq. 2.4 and Eq. 2.5, the mixer
output Mout(t) is:
Mout(t) = sin(2pi∆fdifft+ ∆φdiff(t)) + sin(2pi∆fsumt+ ∆φsum(t)) (2.6)
1To simplify the discussion it is assumed that all of the laser power is incident on the photodetector.
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Figure 2.3: The phasemeter effectively contains a narrow bandpass filter that tracks the frequency
of the heterodyne beatnote. The digitised detector output, Phet(t), is mixed with a numerically
controlled oscillator (NCO). The output of the mixer is low pass filtered (LPF) to determine the
phase error between the beatnote and NCO fcorr. The estimated NCO frequency, fˆNCO, is then
updated using the correction with feedback provided via a proportional-integral (PI) controller. In
steady-state the NCO phase, φˆhet(t), is locked to the heterodyne phase, φhet(t), pi/2 radians out
of phase.
A component of the mixer output is at the difference frequency, ∆fdiff = fNCO− fhet, and
the other at the sum frequency, ∆fsum = fNCO + fhet. The DC power terms (PLO and
Psig) in Eq. 2.4 have been ignored. These terms do not contain any phase information
and can therefore be low pass filtered in the analog electronics before the FPGA, without
affecting the displacement measurement.
The low pass filter (LPF) in the phasemeter is used to remove the sum frequency term in
the mixer output. The output of the low pass filter LPFout(t) is proportional to:
LPFout(t) ∝ sin(2pi∆fdifft+ ∆φdiff(t)) (2.7)
where ∆φdiff(t) = φnco(t)− φhet(t).
Ideally the NCO frequency equals the heterodyne frequency and the output of the low
pass filter is proportional to the phase difference. If the frequencies are not equal, the
phasemeter will still be able to track the heterodyne signal, provided the frequency dif-
ference is within the pull-in range of the phasemeter [48]. In steady-state, the NCO will
then have the same frequency as the heterodyne beatnote, and the filter output will be
proportional to the heterodyne phase:
LPFout(t) = sin(∆φdiff(t)) ≈ ∆φdiff(t) (2.8)
assuming the phase error is small. The phase error is used to update the frequency of the
NCO to lock it to the heterodyne beatnote. A proportional-integral controller (PI) is used
to set the bandwidth of the feedback. The output of the controller is used as a frequency
correction fcorr(t) to update the NCO. The NCO tracks the phase of the heterodyne
beatnote, pi/2 radians out of phase. When the NCO is tracking the heterodyne signal, the
phase of the NCO can be used to estimate the heterodyne phase, φˆhet, and therefore the
interspacecraft displacement, xR(t):
φNCO(t) ∝ φhet ∝ xR(t) (2.9)
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2.3 Limiting noise in an interspacecraft displacement
measurement
There are many reasons why traditional optical interferometry techniques are difficult in
space. Mass, alignment, fitting optics around other space hardware and building optics
that can survive launch, are just a few of the challenges.
The long interferometer arms in space-based interferometers, although increasing the sens-
itivity to signals, also increase the susceptibility to laser frequency noise, make it harder to
acquire a laser link between spacecraft and, because of beam diffraction, limit the amount
of optical power reaching the distant spacecraft.
In this section the noise sources that limit the displacement sensitivity of space-based
interferometers are discussed and techniques that can be used to minimise their impact
are introduced.
2.3.1 Spurious reflections, cyclic error and digitally enhanced
heterodyne interferometry
Spurious reflections can occur at all glass-air interfaces in an interferometer, potentially
adding cyclic noise to the displacement measurement. Although the intensity of these
reflections can be minimised using coatings, angle polished fibres and careful alignment
of the interferometer, they are difficult to remove completely. Spurious reflections can
interfere with the other signals in an interferometer leading to additional beatnotes on the
photodetector. Depending on the frequency and relative size of these beatnotes compared
with the main heterodyne signal, they can greatly limit the phasemeter’s ability to track
the true heterodyne phase.
In a heterodyne interferometer, the spurious reflections will most likely be at the same
frequency as the local oscillator or signal fields. Since the local oscillator power is typically
orders of magnitude larger than the signal power, the spurious beatnotes of most concern in
a space-based interferometer will be from the spurious local oscillator reflections interfering
with the local oscillator and signal field. The spurious local oscillator-local oscillator
beatnotes will be at DC while the spurious local oscillator-signal beatnotes will be at the
heterodyne frequency.
Since the phasemeter operates as a narrow bandpass filter it is able to reject beatnotes on
the detector at different frequencies. Figure 2.4 shows how the narrow passband around
the heterodyne beatnote will suppress the DC spurious local oscillator-local oscillator beat-
notes. In the figure, the frequency response of the low pass filter is shown to have a steep
roll-off away from the passband centred around the beatnote frequency. In this example
the spurious signal at DC is at a null of the filter response and is therefore attenuated.
The phasemeter bandpass cannot be infinitely narrow however, as this would limit the
phasemeter’s ability to respond to changes in the heterodyne frequency. Consequently,
spurious interference could exist within the passband. The spurious local oscillator-signal
beatnotes, and potentially other spurious beatnotes close to the heterodyne frequency,
will not be suppressed by the filter, instead adding cyclic error to the measured displace-
ment [49]. Spurious interference on the detector, from stray reflections and other effects
including polarisation leakage [50, 51] and electronic cross talk [52], will have traveled
independent optical pathlengths than the heterodyne signal. Since the phasemeter tracks
the heterodyne signal, as the phase of the spurious interference evolves, the error will wrap
modulo 1 cycle adding periodic error to the displacement measurement.
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Figure 2.4: Phasemeter suppression of signals outside the passband. The phasemeter contains
a narrow bandpass filter that tracks the heterodyne signal. Spurious signals at other frequencies,
such as the spurious local oscillator-local oscillator beatnote at DC, will be attenuated by the low
pass filter.
he
te
ro
dy
ne
ωhet
ɸhet(t)
s
p
u
ri
o
u
s
∆ɸcyclic
Re
Im
∆ɸpath(t)
Figure 2.5: A phasor diagram in the frame of the heterodyne beatnote showing the effect of
parasitic interference on the phase measurement. The beatnote phase is φhet however the spurious
reflection has a phase difference, ∆φpath(t), adding a phase uncertainty, ∆φ, related to the relative
amplitudes of the spurious signal and heterodyne beatnote. Since both the heterodyne beatnote
and the spurious local oscillator-signal beatnote have powers proportional to
√
Psig the cyclic error
only depends on the ratio of the spurious beatnote to the local oscillator.
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Cyclic error and its effect on the heterodyne displacement measurement is illustrated in
Figure 2.5. The spurious beatnote and heterodyne beatnote are represented as phasors.
The frame is rotating at ωhet with the heterodyne signal. The spurious beatnote adds
an uncertainty at the end of the heterodyne phasor. The uncertainty is related to the
relative amplitudes of the spurious signal and heterodyne beatnote and evolves as the
relative pathlength difference, ∆xpath(t), between the two beatnotes changes. The spurious
local oscillator-signal beatnote at the heterodyne frequency will introduce a cyclic error,
δx˜cyclic(f), proportional to the ratio of the spurious and heterodyne beatnote:
δx˜cyclic(f) ∝
√
PscatterPsig√
PLOPsig
=
√
Pscatter
PLO
(2.10)
where Pscatter is the power of the the spurious local oscillator reflection, PLO is the local
oscillator power and Psig is the power of the signal field. The cyclic error is independent
of the signal power.
If the relative pathlength fluctuations, δx˜path(f), between the source of the spurious re-
flection and the local oscillator are much less than a cycle the root-power spectral density
of the cyclic noise can be approximated by [53]:
δx˜cyclic(f) ≈
√
Pscatter
PLO
δx˜path(f)
[
m√
Hz
]
(2.11)
When the relative pathlength fluctuations increase beyond a cycle, as Figure 2.5 shows,
the cyclic error saturates. The maximum cyclic error will be:
δx˜cyclic(f) ≤ λ
√
Pscatter
PLO
[
m√
Hz
]
(2.12)
Although it will be susceptible to spurious interference, the impact of cyclic error will
be minimised passively in LISA by mounting the optics on an ultra low expansion glass
breadboard with a pathlength stability of a few pm/
√
Hz [54].
To simplify the interferometer design a multi-link GRACE would ideally not need an ul-
trastable optical bench. Fortunately, there exist active techniques to suppress the spurious
reflections. One method is to dither the source of the scattering, shifting the frequency of
the spurious phase noise outside the measurement band [53, 55]. Another option is to use
digitally enhanced heterodyne interferometry (DEHI) [32], a technique that can isolate
signals based on their time of flight.
With DEHI it is possible to recover the phase of a heterodyne signal while suppressing the
effect of spurious reflections. The technique uses pseudo random optical phase modulations
to produce spread spectrum signals. In digital signal processing the same pseudo random
codes can be applied to decode specific signals while leaving unwanted reflections as spread
spectrum and therefore suppressing their contribution to the phase error.
Figure 2.6 demonstrates the use of DEHI to suppress a spurious signal at the heterodyne
frequency. In the figure, a pseudo random code has been applied to a local oscillator used
in a heterodyne detection. The local oscillator and a spurious local oscillator reflection
both interfere with the incoming signal on a detector. In Figure 2.6 (a), the two beatnotes
on the detector are shown. Since the local oscillator and spurious reflection have different
pathlengths, the codes have different delays when they are detected. An FFT of the
detector output shows that with the pseudo random phase modulations, the beatnotes
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Figure 2.6: Suppressing a spurious beatnote with digitally enhanced heterodyne interferometry
(DEHI). In (a), two beatnotes are measured with a detector: the heterodyne signal and a spurious
signal at the heterodyne frequency. The heterodyne signal is the beatnote between a local oscillator
field and a signal. The spurious signal is the beatnote resulting from a spurious local oscillator
reflection interfering with the same signal. The local oscillator field is phase modulated with a
pseudo random noise code. However, since the two local oscillator reflections occur at different
points in the optical system, the delay of the codes are different. In the frequency domain the power
from both signals is spread across a large frequency band. In (b) the detector output is decoded
with a local copy of the pseudo random noise code to recover the heterodyne signal. Matching
the delay of the code to the time of flight of the heterodyne signal, it is possible to recover the
heterodyne signal while the spurious signal remains encoded. In the frequency domain the tone
from the heterodyne signal can be seen above the noise. The residual broadband noise is the
suppressed spurious beatnote.
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appear as broadband noise. In (b), a local copy of the pseudo random code has been used
to remove the modulation from the heterodyne signal. Matching the delay to the code
delay on the heterodyne beatnote, it is possible to recover the heterodyne signal. The
spurious reflection, which has a different code delay, remains modulated. In the frequency
domain, the heterodyne signal can be seen along with the broadband noise that remains
from the suppressed spurious signal.
The amount of suppression depends on a number of factors. The length of the code is
an important factor. In most DEHI implementations, a maximum length sequence (m-
sequence) is used as the pseudo random code [29, 32, 56]. An m-sequence is a pseudo
random binary sequence generated using linear feedback shift registers and is chosen be-
cause of its autocorrelation properties. A m-sequence code of length N will have an auto-
correlation peak with an amplitude of N. The autocorrelation will be -1 when the delays
are not matched. Summing over a code length should suppress spurious signals by N,
however, the second harmonic in the phasemeter measurement degrades the suppression
to approximately:
DEHI suppression ≈
√
N (2.13)
The exact suppression depends on the ratio of the heterodyne frequency and pseudo-
random noise code chip frequency [32].
DEHI is only able to distinguish between reflections that occur in different chips. A chip
is the shortest sample of the m-sequence. The chip frequency, which is how frequently the
code changes state, will determine the smallest separation that the DEHI can distinguish
between. For chip frequency, fc, and speed of light, c, DEHI will only be able to distinguish
between reflections with pathlength differences:
∆x >
c
fc
[m] (2.14)
In practice the amount of suppression can also be affected by non-linear effects in the phase
modulation and detection of the beatnotes. Therefore it is common practice to have several
chips of isolation between reflections to avoid cross-coupling between adjacent chips.
In addition to suppressing spurious signals DEHI has other uses. The phasemeter is
sensitive to changes in optical pathlength however it is unable to measure absolute lengths.
Since DEHI can isolate signals based on their time of flight it can therefore be used to
measure absolute length [57]. Provided the signals have different time of flight delays (or
even orthogonal codes) DEHI can also be used to multiplex signals on the one detector [29].
2.3.2 Laser frequency noise
While DEHI is not part of any current mission designs, pseudo random noise will be used
in LISA to assist in the determination of the interspacecraft delays needed for some of its
laser frequency displacement noise suppression techniques [57].
Laser frequency noise can limit the displacement sensitivity of space-based interferometers
as it couples into the displacement measurement with a strength proportional to the length
of the interferometer arms. Since displacement is measured relative to the laser wavelength,
fluctuations in the laser frequency due to thermally driven refractive index changes in the
laser crystal or spontaneous emission in the laser [58], manifest as displacement noise
through the following relation:
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∆x
x
=
∆ν
ν
(2.15)
That is, for a spacecraft separation, x, a change in the separation of the spacecraft, ∆x,
will be indistinguishable from a fluctuation, ∆ν, in the laser frequency, ν. The larger the
spacecraft separation, the larger the displacement noise due to laser frequency noise.
The GRACE-FO laser ranging interferometer uses an Nd:YAG non-linear planar ring
oscillator (NPRO) laser with a wavelength of 1064 nm [12]. A free-running NPRO laser
typically has frequency noise with a root-power spectral density [59]:
δν˜NPRO =
3× 104
f
[
Hz√
Hz
]
(2.16)
Therefore with a spacecraft separation x = 200 km and laser frequency ν ≈ 2.8× 1014 Hz,
the free-running noise would introduce a displacement noise equivalent to:
δx˜NPRO(f) ≈ 20
f
[
µm√
Hz
]
(2.17)
This is almost three orders of magnitude larger than the required displacement sensitiv-
ity [1]. To limit the effect of the laser frequency noise on the displacement measurement,
the laser ranging interferometer will lock the frequency of the laser to a stable reference
cavity [12]. Optical cavities can be constructed by mounting mirrors on the ends of a
‘spacer’ made from a material with a low thermal expansion coefficient such as ultra low
expansion glass or Zerodur [12]. The length stability of such cavities is a lot higher than
the equivalent frequency stability of a free-running NPRO laser. They therefore provide a
good frequency reference for laser frequency stabilisation. Using a cavity locking technique
such as Pound-Drever-Hall [60], the stability of the cavity can be transferred to the laser
frequency.
The GRACE-FO laser ranging interferometer cavity will provide a frequency stabilised
laser with a root-power spectral density [12]:
δν˜StabNPRO(f) = 30
[
Hz√
Hz
]
(2.18)
This leads to a more acceptable displacement equivalent noise in GRACE-FO around
20 nm/
√
Hz. Figure 2.7 compares the displacement equivalent noise from free-running
and frequency stabilised lasers with the required laser ranging interferometer displacement
sensitivity. In reality the frequency stabilisation has to only be at the 30 Hz/
√
Hz level
across the 10 mHz to 100 mHz measurement band. The design sensitivity is shaped with
a noise shaping function [61, 62] to reflect this requirement.
In GRACE-FO only one laser will be stabilised because otherwise the heterodyne beatnote
can not be guaranteed to be within the detector bandwidth. Instead, the second laser will
be offset phase locked to the stabilised laser, transferring the stability of the stabilised
laser to the free-running laser. Phase locking uses a similar feedback loop control as the
phasemeter. The difference is that the actuation is now on laser frequency, rather than a
numerically controlled oscillator, and the phase discriminator is a phasemeter.
Figure 2.8 illustrates the laser ranging interferometer laser frequency noise mitigation. In
an offset phase locking scheme it is convention to refer to the two lasers as master and
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Figure 2.7: Comparison of free-running and stabilised laser frequency noise and how it couples
into the GRACE displacement measurement. The free-running NPRO laser used in the GRACE-
FO laser ranging interferometer has to be stabilised by locking to a stable reference cavity in order
to meet the target design sensitivity.
slave: the slave laser is phase locked to the master, taking its frequency stability. On
the master spacecraft the laser is locked to an optical cavity using PDH, with the PDH
error signal used to actuate on the laser frequency through a piezo-electric actuator and
a temperature input.
On the slave spacecraft the laser is free-running. Using the phase measurements from
the heterodyne beatnote as feedback, the slave laser is phase locked to the master with a
frequency offset. Therefore in order to maintain the beatnote frequency within the band-
width of the detector the phasemeter needs to track the laser frequency noise fluctuations.
In GRACE-FO both spacecraft are identical as a redundancy; either spacecraft could be
master.
As an alternative to an optical cavity a fibre reference can be used for frequency sta-
bilisation [31]. This fibre stabilisation technique, which used a 1 km fibre with passive
temperature stabilisation as frequency reference, has the advantage that the frequency
can be tuned by adjusting the fibre length with a fibre stretcher. This means both space-
craft lasers in a GRACE configuration could be independently stabilised, and then the
lengths tuned until the heterodyne beatnote between the two stabilised lasers is within
the detector bandwidth.
GRACE has only one measurement arm and therefore is ultimately limited by laser fre-
quency noise. With three spacecraft, LISA has three measurement arms and can, with
phase locking, be made equivalent to a Michelson interferometer. In a Michelson, laser
frequency displacement noise can be suppressed by matching the arm lengths. However
with relative spacecraft motion it will be difficult to maintain equal arm lengths in LISA.
Consequently although LISA designs included a frequency stabilisation reference [63–65],
additional laser frequency suppression techniques - arm locking [66] and time delay in-
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Figure 2.8: The GRACE-FO laser ranging interferometer minimises the impact of laser frequency
noise on the displacement measurement by locking the frequency of its master laser to an optical
cavity. This is achieved using a Pound-Drever-Hall [60] locking scheme, adding sidebands to the
light with an electro-optic modulator and then interrogating the cavity. The PDH error signal is
used to correct the frequency of the master laser and keep it on resonance with the cavity. The laser
fluctuations of the free-running slave laser are removed by offset phase locking it to the master.
This uses a phasemeter (PM) measurement between the slave and master to feedback to the laser
on the slave spacecraft.
terferometry [67] - are needed. In Chapter 5 these techniques will be described in more
detail.
2.3.3 Quantum noise
Another limiting noise source in space-based interferometers is shot noise. Light on a
photodiode will generate a photocurrent proportional to its intensity [68]. Due to the
quantum nature of light however, there is uncertainty in the arrival times of individual
photons incident on the detector. This photon counting uncertainty adds phase noise to
the generated photocurrent, setting the standard quantum limit on the sensitivity of the
heterodyne displacement measurement [69].
Figure 2.9 shows how uncertainty in the optical field can lead to phase noise in the detected
heterodyne signal. In (a) a phasor diagram of an optical field, E(t) = A exp (iωt+ φ), is
shown. The ball represents the uncertainty in the amplitude and phase of the optical field
from the Heisenberg uncertainty principle. In (b) a heterodyne beatnote is shown. The
uncertainty in amplitude and phase of the interfering light fields results in additive noise
in the detected heterodyne signal. The uncertainty adds both phase and amplitude noise
to the heterodyne signal.
Photon counting noise follows a Poisson distribution: the number of received photons N
at a given time has a variance of N photons2 [68]. Therefore, the higher the power of a
laser is, the more shot noise it will have. In space-based interferometers the heterodyne
measurements are made using a ∼ mW local oscillator to coherently amplify the ∼ pW
signal arriving from the distant spacecraft. Since the local oscillator is orders of magnitude
more powerful than the signal, the shot noise of the local oscillator will dominate the
measurement. The noise η in a quantum noise limited heterodyne measurement will
therefore be proportional to:
η ∝
√
PLO (2.19)
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Figure 2.9: Shot noise is a quantum noise that occurs due to uncertainties in the optical field. In
(a) the electric field phasor is shown with a quantum uncertainty ball representing the uncertainty
in amplitude and phase. In (b) the effect of this uncertainty is shown in a time domain heterodyne
trace. The random arrival of photons on the detector, shown along the bottom, results in amplitude
and phase noise in the detected heterodyne signal. Image adapted from [68].
Figure 2.10 shows how the signal-to-noise ratio (SNR) of a heterodyne beatnote is affected
by shot noise. In the figure, four frequency offset beatnotes are shown with increasing
local oscillator power starting from the left. The SNR of the beatnote corresponding to
the weakest local oscillator is lower than the other beatnotes because the measurement
is limited by the electronic noise of the detector. As the local oscillator power increases
however, the SNR improves. The measurements are said to be quantum noise limited
when the local oscillator power is high enough that the shot noise is higher than the other
noise sources. In the two beatnotes on the right the limiting noise is shot noise. The SNR
can be determined by comparing the noise with the power of the heterodyne signal. In
Eq. 2.4 the heterodyne signal s has a power proportional to:
s ∝√PLOPsig (2.20)
Comparing this to the shot noise in Eq. 2.19, the SNR in a quantum limited heterodyne
measurement will be proportional to:
SNR ∝ s
η
=
√
PLOPsig√
PLO
=
1√
Psig
(2.21)
The SNR will scale inversely with the square-root of the signal power. Increasing the local
oscillator power further will increase the beatnote power and shot noise level by
√
PLO
preserving the SNR. Decreasing the signal power however will cause the SNR to decrease.
Accounting for the energy and wavelength of the photons, the displacement noise equival-
ent root-power spectral density due to shot noise is equal to [70]:
δx˜shot(f) =
√
~c
2pi
λ
Psig
[
m√
Hz
]
(2.22)
where Psig is the received signal power, ~ is the reduced Planck constant, c is speed of
light and λ is the laser wavelength.
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Figure 2.10: Signal-to-noise ratio (SNR) in a shot noise limited measurement. Moving from left
to right, heterodyne beatnotes are shown for increasing local oscillator power. Assuming the signal
power is significantly lower, Plo >> Psig, the local oscillator shot noise will dominate. The two
leftmost traces are limited by electronic noise from the detector. Increasing the local oscillator
power increases the shot noise until it is the limiting noise source. As local oscillator power is
increased further the SNR of the shot noise limited measurement will remain proportional to√
Psig. Decreasing the signal power therefore will lead to a lower SNR and higher relative shot
noise in the displacement measurement.
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Since the displacement equivalent shot noise scales inversely with the square-root of sig-
nal power, this presents a particular challenge for space-based interferometry missions.
With large spacecraft separations, the beams traveling between spacecraft diverge and
only a fraction of the transmitted light reaches the distant spacecraft. There are not how-
ever many ways to beat the quantum limit. One possibility would be to use a squeezed
light source [69], however based on current squeezer designs [71], this would increase the
complexity of the interferometer optics and is therefore counter to the goals of this thesis.
2.3.4 Rotation-to-pathlength coupling and link misalignment errors
One way to minimise the impact of shot noise is to optimise the alignment of the inter-
spacecraft link and therefore increase the amount of signal power received on the distant
spacecraft.
On-board star cameras [26] will be used on GRACE-FO to measure the initial spacecraft
misalignment following launch. These measurements, with a 3 mrad uncertainty cone [72],
will be used to control three magnetic torque rods and six pairs of cold gas thrusters [1]
to adjust the spacecraft attitude. While the star camera alignment is sufficient for the
microwave ranging instrument [72] the lower divergence of the laser link compared with
the microwave means an additional acquisition strategy is needed for the laser ranging
interferometer [1].
To minimise the impact of shot noise on the displacement measurement the phasemeter
needs to receive a minimum of 3 pW of the transmitted signal on the distant spacecraft.
To obtain a link with this minimum trackable power the 3 mrad uncertainty has to be
reduced to 142 µrad [13]. This problem has 5 degrees of freedom: pitch and yaw of each
spacecraft and an initial frequency offset between the lasers. A dedicated link acquisition
strategy has been developed and tested which uses fast steering mirrors on both spacecraft
to perform scans, searching for the distant spacecraft while sweeping the frequency of one
laser until the heterodyne beatnote is within the bandwidth of the detector [13, 14].
After acquisition, spacecraft attitude jitter can still couple into the displacement meas-
urement [72–74]. As discussed in Chapter 1, the measured displacement between two
spacecraft is sensitive to spacecraft jitter if the interspacecraft link is offset from the line-
of-sight between the spacecraft centres of mass. The laser ranging interferometer mitigates
this effect in two ways.
The first way uses the fast steering mirrors used in acquisition to actively correct for
spacecraft jitter. Using the four outputs of a quadrant photodiode to perform differential
wavefront sensing [75], the link alignment is optimised in closed loop. The quadrant
photodiode is used to sense relative tilt between the local oscillator and signal beam
which can then be used as a correction to the steering mirror to minimise the tilt due to
spacecraft attitude jitter. Differential wavefront sensing is explained more in Section 3.2.1
where it is compared to the multi-link interferometry concept.
To avoid jitter and random motions of the two spacecraft coupling into the displacement
measurement, the optical measurement needs to be along the axis between the centres of
mass of the two satellites. The primary science measurement on GRACE-FO is a K-band
microwave link that will be along this axis. The second way the laser ranging interferometer
mitigates the impact of spacecraft jitter is with the triple mirror assembly [1]. The laser
ranging interferometer has been designed to route the beam around the microwave ranging
instrument using the triple mirror assembly, a precision optical system that retroreflects
light from the distant spacecraft so that the beam experiences symmetrical pathlengths
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either side of the spacecraft centre of mass. The triple mirror assembly is discussed more
in Section 3.2.2.
2.4 Chapter summary
In this chapter two space interferometers were discussed: LISA and GRACE Follow-On.
While the goals of the two missions differ, the basic measurement principles are the same.
The heterodyne interferometry and digitally implemented phasemeters used to infer the
interspacecraft displacement from the phase of optical signals traveling between spacecraft
were explained. The main sources of noise that limit the sensitivity of the displacements
were then discussed as well as currently used, and potential future techniques, that can
be used to mitigate their effect.
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Multi-link GRACE
The multi-link interferometry concept is simple: the line-of-sight displacement between
two spacecraft centres of mass can be recovered in post-processing by forming linear com-
binations of multiple interspacecraft link measurements. This chapter focuses on the
multi-link concept, explaining the signal processing steps required to transform multiple
one-way link measurements into a round-trip displacement, immune from pathlength noise,
laser frequency displacement noise and rotation-to-pathlength coupled error.
The chapter starts with a discussion of the multi-link concept, explaining how the interfer-
ometer takes advantage of geometry to suppress rotation. The concept is then compared
with some existing techniques that operate on similar principles. The requirements of a
multi-link interferometer are then presented before an example multi-link implementation
is introduced. Taking the example implementation as reference, the signal processing re-
quired to synthesise a line-of-sight displacement measurement is outlined. The chapter
ends with a discussion of the main challenges of this implementation, indicating three
experimental results that are needed before the feasibility of a multi-link GRACE can be
determined.
This chapter is based on the following publication:
S.P. Francis, T.T-Y. Lam, D.E. McClelland, and D.A. Shaddock, “Multi-link laser in-
terferometry architecture for interspacecraft displacement metrology,” Journal of Geodesy
(2017).
3.1 Multi-link interferometry concept
Interspacecraft laser links, offset from the line-of-sight between the spacecraft centres of
mass, will be sensitive to rotation and jitter of both spacecraft. To sense the wavefront
tilt due to these rotations, multiple laser links can be formed between spacecraft. In a
multi-link interferometer, each spacecraft will be equipped with a number of spatially
offset optical heads. Optical links are formed between all of the optical heads on one
spacecraft with all of the optical heads on the distant spacecraft. Each optical head
is a fibre collimator used to both transmit light to, and receive light from, the distant
spacecraft. The output surface of each optical head is used as a reference, with the light
coupling in from the distant spacecraft interfering with small back reflections from each
optical head. This allows the measurement to be immune to the noise internal to the
interferometer. A similar concept was proposed in [76].
In Chapter 1, the multi-link concept was introduced with a simple example. Links po-
sitioned symmetrically either side of the line-of-sight between the spacecraft centres of
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Figure 3.1: A simple multi-link interferometer. The optical heads are positioned arbitrarily
within the centre of mass plane on each spacecraft. With the optical heads positioned on the same
side of the spacecraft centre of mass, the interferometer cannot use symmetry to cancel rotation to
pathlength coupled error. It is possible however to find weights in post processing that will cancel
the effect of spacecraft rotation.
mass experienced an asymmetric lengthening and shortening as the local spacecraft ro-
tated. By averaging the two link measurements the rotation-to-pathlength coupling was
shown to cancel. This required the links to be placed symmetrically which would make
the spacecraft integration challenging. The real advantage of the multi-link architecture
however is that the linear combinations are formed oﬄine in post-processing and there-
fore, it is possible to adjust the weights of individual link measurements. Consequently,
the optical heads do not need to be placed symmetrically but can be positioned arbitrarily
on the spacecraft. The linear combination that cancels the rotation-to-pathlength coupled
displacement can be determined after the optical heads have been positioned.
In Figure 3.1 the optical links have not been placed symmetrically but are instead posi-
tioned on the same side of the spacecraft centre of mass. Link A is offset a distance dA
and Link B is offset dB from the line-of-sight. The one-way displacement measured along
each link will be:
xA(t) = xR(t) + dA sin θ(t) (3.1)
xB(t) = xR(t) + dB sin θ(t) (3.2)
where xR(t) is the interspacecraft displacement signal and both measurements have rota-
tion coupled error, albeit with different strength.
The rotation coupled error can be cancelled, recovering the interspacecraft displacement,
by forming a linear combination of the two link measurements with weights wA and wB.
The weights need to cancel the rotation while preserving the range measurement. In this
example it is straightforward to show that if the weights are:
wA =
dB
dB − dA (3.3)
wB =
−dA
dB − dA (3.4)
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then the rotation-to-pathlength coupled error will cancel in the linear combination. The
linear combination is:
wAxA(t) + wBxB(t) = xR(t) (3.5)
Therefore, despite being positioned arbitrarily, it is possible to find weights such that the
rotation-to-pathlength coupled error will cancel. As this example shows, the weights can
be calculated from the positions of the optical heads relative to the centre of mass. As
it will not always be practical to measure the positions of the optical heads, there are
fortunately other methods to determine the weights. These are discussed in Section 3.5.2.
In this example, since the optical heads are placed on the same side of the centre of mass
one of the weights will need to be negative. This affects the signal to noise ratio (SNR) of
the combination, leading to a lower SNR compared with when positive weights are used.
This is discussed further in Section 3.5.4.
3.2 Similarities with existing techniques
The multi-link concept is similar to some existing interferometry techniques. In this sec-
tion the multi-link concept is compared with two existing optical techniques – differential
wavefront sensing and the triple mirror assembly – as well as the antenna offset correction
used in GRACE.
3.2.1 Differential wavefront sensing
Differential wavefront sensing (DWS) is a technique used to compare the relative tilt of
two wavefronts. It was developed as an alignment tool to remove angular misalignments
in large-scale interferometers such as LIGO [75, 77, 78]. It will also be used to measure
pointing error in interspacecraft interferometers like GRACE-FO [1] and LISA [79, 80]
and has been used for multi degree of freedom measurements [81].
Figure 3.2 demonstrates how DWS can be used to measure pointing error. In the figure,
light from the distant spacecraft is interfered with a local oscillator. An angular mis-
alignment θ(t) between the incoming and local wavefronts is measured using displacement
measurements from a quadrant photodetector (QPD). Displacement is measured from the
beatnote on each quadrant of the QPD: xQ1(t), xQ2(t), xQ3(t) and xQ4(t). The average
displacement across each quadrant is sensitive to the relative tilt of the beams. This adds
a displacement error, ∆xtilt(t), that can be calculated using Eq. 1.1. The DWS meas-
urement is sensitive to both pitch and yaw of the spacecraft. To simplify the discussion
however, only yaw is considered. The tilt around one axis can be estimated by comparing
the displacement measured on the two halves of the QPD. Summing adjacent quadrants,
and assuming the incoming and local beams are centred on the QPD, the displacement
will be:
xU(t) =
xQ1(t) + xQ2(t)
2
= xR(t) + ∆xtilt(t) (3.6)
xL(t) =
xQ3(t) + xQ4(t)
2
= xR(t)−∆xtilt(t) (3.7)
(3.8)
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Figure 3.2: Differential wavefront sensing is a technique that uses a quadrant photodetector
(QPD) to measure the relative tilt between the local spacecraft and incoming signal. The displace-
ment measured on each quadrant of the QPD will have a different measurement of the pitch and
yaw. Different linear combinations of these measurements can then be formed to derive tilt about
these two axes. These estimates of tilt can then be used to control a steering mirror in order to
optimise spacecraft pointing, minimising the tilt between the two wavefronts.
where xU(t) and xL(t) are the average displacements measured on the upper and lower
halves of the QPD respectively. Again, xR(t) represents the interspacecraft displacement
signal, while ∆xtilt(t) represents the displacement error due to the spacecraft rotation.
Taking the difference of these two measurements provides an estimate of the relative tilt:
θˆ(t) =
xU(t)− xL(t)
2L
(3.9)
where 2L is the separation between the two halves.
In the DWS scheme for GRACE-FO this tilt estimate is then used as a control signal to
drive a steering mirror [1]. Feeding back to the steering mirror minimises the pointing
error due to spacecraft jitter. With beam pointing errors suppressed by the controller, the
in-loop error signal from DWS will be close to zero and therefore can not be used as a
measurement of the pointing error. As a result, unlike the proposed multi-link architecture
and the phase centre correction applied to the microwave ranging data [82], is is not
possible to use these measurements to correct for rotation to pathlength coupling in post
processing.
DWS only works with small angular misalignments, as larger misalignments will lead to
fringes across the quadrants, reducing the contrast [83]. The DC output of the QPDs can
therefore be used as a coarse measurement of tilt: the DC output from the detector will
decrease, as the misalignment between the beams increases [80].
The multi-link interferometer concept bears many similarities with DWS. Both use mul-
tiple, spatially separate displacement measurements to sense the relative tilt between two
beams. Although the aim of the multi-link concept is to cancel rotation-to-pathlength
coupling it can also be used to estimate the relative tilt. In contrast to DWS, a multi-link
interferometer can have larger separations between its elements, increasing the sensitivity
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Figure 3.3: Placing the triple mirror assembly so that the virtual vertex is coincident with the
spacecraft’s centre of mass means any spacecraft rotation leads to symmetric lengthening and
shortening of the incoming and outgoing beam paths, canceling the effect of the rotation in the
round-trip displacement measurement.
to spacecraft rotation. As will be become clearer in Section 3.3, a multi-link interferometer
only requires a single element photodetector and can therefore be used to measure signals
at higher speeds than commercially available QPDs.
3.2.2 Triple mirror assembly
As a technology demonstrator, the laser ranging interferometer on GRACE-FO has been
designed to not interfere with the primary K-band measurement directed along the line-of-
sight between the spacecraft centres of mass. With the triple mirror assembly (TMA) the
laser ranging interferometer uses symmetry to minimise the rotation-to-pathlength coup-
ling as it routes the laser around the microwave ranging instrument and other spacecraft
hardware [1].
The TMA is a hollow, lateral transfer retroreflector [84] comprised of three orthogonal
mirrors. Light reflecting off the TMA will be parallel to the incoming light but offset by
600 mm. Figure 3.3 demonstrates how the TMA uses symmetry to minimise coupling from
spacecraft rotation. TMAs onboard both spacecraft route the incoming beam from the
distant spacecraft around the other spacecraft hardware before interfering it with a local
oscillator on a detector. The beam path through the TMA is shown for both an unrotated
and rotated spacecraft. By positioning the TMAs so that their vertices, indicated by the
dashed lines, are coincident with the spacecraft centre of mass (c.m), when the spacecraft
is rotated, the incoming path decreases by an amount ∆xtilt(t) however the outgoing path
increases by an equal and opposite amount. This ensures that the round trip displacement
will be unaffected by the rotation.
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To reach the required displacement sensitivity of 30 nm/
√
Hz [1] this placed strict toler-
ances on the alignment of the TMA during construction, measurement of the TMA vertex
and finally placement of the TMA in the spacecraft. The TMA mirrors had to be aligned
to within 10 µrad of error, and then measured to determine the vertex location to within
100 um which then had to be placed in the spacecraft to coincide with the centre of mass
to within 0.5 mm [17]. This required extensive simulation and testing [16, 18, 19, 85].
Compared with the triple mirror assembly, the links in the proposed multi-link architec-
ture do not need to be placed symmetrically about the center of mass, but can be placed
arbitrarily on the spacecraft. The ability to refine the weights in post-processing to sup-
press path length errors, substantially relaxes the required accuracy of positioning the
interferometer during spacecraft integration.
A similar optical system was constructed for the Advanced Topographic Laser Altimeter
System (ATLAS) which will fly on NASA’s ICESat-2 mission [86]
3.2.3 Post-processing corrections using attitude measurements in GRACE
GRACE uses a microwave ranging system with K/Ka band microwave signals to perform
dual one-way phase measurements between the leading and trailing spacecraft [6, 82].
Similar to the laser ranging interferometer for GRACE-FO, but with the interference
occurring electronically, on each spacecraft the received signal is combined with the local
signal and their difference is tracked with a phase locked loop to measure changes in the
spacecraft separation.
These dual one way measurements, like the laser measurements, are also sensitive to
spacecraft rotation. GRACE uses two star cameras to keep the two K-band antenna horns
pointing at each other. The star cameras have a deadband of a few mrad however [72],
consequently there may be some misalignment between the phase centres of the horns and
the line-of-sight between the two spacecraft centres of mass.
The K-band microwave ranging phase measurements are post-processed on the ground.
In order to recover the interspacecraft range the data needs to undergo corrections for,
amongst other things, any rotation-to-pathlength coupling due to misalignments between
the phase centres and the line-of-sight [27]. To perform the antenna offset correction
there needs to be precise knowledge of the spacecrafts’ attitude from the star cameras.
Complicating matters, the spacecraft centre of mass actually changes during the lifetime of
the mission [87]. This is mostly due to imbalances between the two fuel tanks as they are
depleted. Extensive work has therefore been performed on calibrating the phase centre [88–
90]. There remains an order of magnitude between the level of error that GRACE scientists
have been able to achieve with such corrections and the GRACE baseline. One of the
candidates for this discrepancy is uncertainties in the calibration parameters such as the
antenna offset correction [91]. Recent analysis has shown however that this error can be
reduced by changing the combinations used in the correction [28].
GRACE-FO will fly an identical microwave system to GRACE and therefore should reach
a similar sensitivity level. The laser ranging interferometer will use the TMA to remove
the need for any post-processing corrections. If the TMA is not positioned to within
the required precision or if there is some relative movement between the TMA and the
centre of mass due to degradation over the lifetime of the mission, it is worth considering
whether the laser ranging interferometer would benefit from a similar correction in post-
processing. Unfortunately, the pointing information from the star cameras alone would
be insufficient since the laser ranging interferometer will have active pointing control from
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the differential wavefront sensing. Operating in a closed loop, the DWS signals cannot be
used as a measurement of the beam pointing. Instead, the commands sent to the steering
mirror would need to be used [1]. It remains to be seen however whether this would have
enough fidelity to cancel the rotation coupled error down to the required level.
The multi-link concept will similarly cancel the rotation-to-pathlength coupled error in
post-processing. The difference however is that a multi-link interferometer will measure
the displacement noise due to rotation directly by tracking the optical signal phase along
multiple interspacecraft links with a phasemeter. With accurate sub nm/
√
Hz measure-
ments of the rotation-to-pathlength coupling, the error is then canceled by combining the
measurements, rather than applying a correction to the data, which requires additional
knowledge.
3.3 Implementing a multi-link interferometer
The multi-link concept combines multiple interspacecraft displacement measurements in
post-processing to cancel the effects of rotation-to-pathlength coupling. So far, the multi-
link interferometer has been represented as a black box and the details of the post-
processing have been simplified. A detailed multi-link interferometer architecture is now
presented, allowing the signal processing steps required to transform the multiple link
measurements into a single line-of-sight displacement to be outlined in detail.
3.3.1 Multi-link interferometry requirements
In multi-link interferometry, multiple one-way interspacecraft displacement measurements
are combined in post-processing to recover the line-of-sight displacement. There are many
ways a multi-link interferometer could be realised. The common features of all multi-link
interferometers include:
Optical heads
Multiple fibre coupled optical heads on each spacecraft to transmit and receive
light. Using a range-gating technique, such as digitally enhanced heterodyne
interferometry [45], the reflection off each optical head can be used to measure
the internal fibre fluctuations [76]. The measured fluctuations can then be sub-
tracted from the interspacecraft displacement measurement. Multiple optical
heads are needed per spacecraft, with the exact number depending on how many
degrees of freedom have to be measured. Extra optical heads can be added as
a redundancy. The optical heads could be either single sensors [76], spatially
separated on each spacecraft, or a fibre coupled array [56]. It is vital that the
optical heads are stable with respect to the spacecraft centre of mass. Any
motion of the optical heads relative to the centre of mass will couple into the
displacement measurement, increasing the degrees of freedom and degrading
the ability to cancel rotation coupled error.
Multiple optical links
Links will be formed between every optical head on the local spacecraft with
every optical head on the distant spacecraft. A method to acquire and main-
tain these links is needed. This could use an active link acquisition strategy
and beam steering control similar to GRACE-FO [13, 14] or be achieved more
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passively by increasing the divergence out of each optical head such that light
reaches every distant optical heads, even with worst case misalignment. If a
higher beam divergence is used, the phasemeters onboard each spacecraft will
potentially need to track optical signals with much lower powers than required
in GRACE-FO.
Signal multiplexing
With light from each optical head on the distant spacecraft coupling into each
of the optical heads on the local spacecraft, a method to distinguish between the
different beatnote signals will be needed. This could be achieved using a mul-
tiplexing technique such as digitally enhanced heterodyne interferometry [30,
32] or using different heterodyne frequencies in each link. The signal processing
and demultiplexing of either technique could be simplified further using mul-
tiple detectors onboard each spacecraft with the trade-off that this will require
more power.
In addition to these requirements, a multi-link interferometer will also need to address
basic requirements of an interspacecraft laser interferometer such as laser frequency noise
coupling. The requirements listed above are used to highlight the novel features of the
multi-link architecture. With the requirements now established an example multi-link
interferometer will be presented. The author stresses that what follows is not the only
implementation of the multi-link architecture. An alternate implementation is discussed
in Chapter 7.
3.3.2 An example multi-link interferometer implementation
Up to this point the focus has been on how multi-link interferometry can be used to can-
cel displacement error due to rotation. The multi-link architecture can however be used
to suppress error from other degrees of freedom. The displacement measured along each
interspacecraft link will not only be sensitive to spacecraft rotation but also pathlength
fluctuations in the interferometer and laser frequency noise. In signal processing, differ-
ent combinations of link measurements can be formed to suppress the errors from these
additional degrees of freedom.
The ability to cancel pathlength noise removes the need for ultrastable pathlengths in the
interferometer and allows the multi-link interferometer to be implemented entirely in fibre.
As a fibre interferometer there will be no need for an ultrastable optical bench, reducing
the hardware complexity and overall footprint of the interferometer and simplifying the
positioning and alignment on the spacecraft. By removing laser frequency displacement
noise in signal processing it is possible to operate the interferometry almost completely
passively1 simplifying the locking electronics.
Figure 3.4 shows an example all-fibre multi-link implementation with two optical heads.
Both spacecraft would have an identical layout: a laser, two optical heads (labeled OHA
and OHB), a fibre frequency reference used for pre-stabilisation [31] and a photodetector.
The optical heads are positioned arbitrarily on each spacecraft within the plane of the
centre of mass indicated by the dashed line. This plane passes through the centre of mass
and is orthogonal to the line-of-sight between the two spacecraft. The optical heads in the
figure are offset from the line-of-sight between the two spacecraft centres of mass by dA
and dB respectively.
1Some low level phase locking will be required to keep the beatnote within the ADC bandwidth
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Digitally enhanced heterodyne interferometry (DEHI) is used for signal multiplexing. Un-
like traditional DEHI schemes [29, 32], instead of relying on differences in propagation
times for multiplexing, orthogonal codes are used in each optical head path. The electro-
optic modulators (EOMs) are used to apply the pseudo random noise codes. Modulating
the phase in each arm with an orthogonal code, the beatnote from each link can be ex-
tracted following detection. A similar multiplexing method was used in [92].
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Figure 3.4: An example multi-link interferometer implementation. On each spacecraft a laser
is split between three arms. In these arms are two optical heads, labeled OHA and OHB, and a
reference arm for laser frequency pre-stabilisation. Electro-Optic modulators (EOMs) in each arm
are used to apply pseudo-random phase modulations to the light as part of the digitally enhanced
heterodyne interferometry (DEHI) [32] multiplexing scheme. Reflections off each optical head are
interfered with light from the distant spacecraft and then detected and demultiplexed on a Field
Programmable Gate Array (FPGA). The two optical heads are shown to be offset from the line-
of-sight between the two spacecraft centres of mass by dA and dB respectively. The optical heads
however are in the plane of the spacecraft centre of mass to minimise the coupling of additional
degrees of freedom into the displacement measurement.
3.3.3 Measuring displacement along each link
In a multi-link interferometer with two optical heads per spacecraft there will be four link
measurements on each spacecraft. Light from each optical head on the distant spacecraft
will couple into each optical head on the local spacecraft and vice versa. The displacement
along each link is measured by interfering a reflection off the optical head with the light
coupling in from the distant spacecraft. The lasers on the two spacecraft are assumed to
be frequency offset with some low level phase locking to maintain a beatnote within the
ADC bandwidth. Phasemeters are used to measure the displacement along each link.
Figure 3.5 demonstrates how heterodyne signals are formed along each link, using DEHI
for multiplexing. In the figure, two laser links are shown with the signal fields from the
optical heads on spacecraft 2 coupling into optical head A on spacecraft 1 (OH1A). The
same fields will also couple into optical head B on spacecraft 1 (OH1B). The spacecraft
1 laser is phase modulated with a pseudo random noise code c1A(t). The majority of the
light is transmitted to the distant spacecraft 2, however a small amount reflects off the
optical head. This is used as a local oscillator ELO,1:A(t) in the heterodyne beatnotes used
to measure the displacement along the OH1A links:
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ELO,1:A(t) = αc1A(t)E1A(t) (3.10)
where E1A(t) is the electric field from laser 1 that has travelled along optical head path
A and α represents the reflectivity of the optical head.
The local oscillator interferes with the two signal fields, Esig,1:AA(t) and Esig,1:AB(t), ar-
riving from spacecraft 2:
Esig,1:AA(t) = c2A(t− τ)E2A(t− τ) (3.11)
Esig,1:AB(t) = c2B(t− τ)E2B(t− τ) (3.12)
where c2A(t) and c2B(t) are the pseudo random codes applied to the spacecraft 2 laser
phase in the OH2A and OH2B paths respectively and E2A(t) and E2B(t) are the electric
fields of the beams arriving from OH2A and OH2B. The signals from the distant spacecraft
are delayed by τ to represent the light travel time between the spacecraft.
The light arriving from the distant spacecraft will be low power2 but will be frequency
shifted with respect to the local light. Any back scattered light in the local fibre that
interferes with the incoming signal will add spurious beatnotes at the detector that will
lead to cyclic noise in the displacement measurement. Some of the back reflections will be
suppressed by DEHI. The back reflection from the optical head, which is used as the local
oscillator, can be made to be significantly higher than these back reflections, minimising
their impact on the displacement measurement.
The photodetector signals will be digitised using ADCs and then processed on a FPGA.
Each beatnote has two pseudo random phase modulations: the code from the local mod-
ulator and the code from the distant modulator. In Figure 3.5, a small part of the FPGA
signal processing is shown. In the example, the local code, c1A(t), is first removed from
the detected signals. The distant spacecraft codes, c2A(t) and c2B(t), are then separately
applied to allow the displacements, x1:AA(t) and x1:AB(t), along the corresponding links
to be measured using phasemeters.
The decoding will need to account for the individual time of flight delays for each code.
Initial acquisition of the DEHI delays will be a challenge, since both the delay for the local
and distant codes will need to be determine along each link. This could be aided however
through the use of pilot codes or pre-existing knowledge of the delay.
3.3.4 Suppressing unwanted heterodyne signals on the detector
In Figure 3.4 more than four heterodyne signals will appear in the detector output. As an
example, the two fields shown coupling into OH1A will also interfere with the reflection
off OH1B. These beatnotes however will have an additional code modulation due to the
backwards pass through the EOMs. That is, if the two fields couple into optical head A
then they are modulated by c1A(t):
Esig,1:AA(t) = c1A(t)c2A(t− τ)E2A(t− τ) (3.13)
Esig,1:AB(t) = c1A(t)c2B(t− τ)E2B(t− τ) (3.14)
2At most 100 pW is anticipated for a transmitted power of 1 W
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Figure 3.5: Heterodyne interferometry in a single link of a multi-link interferometer. Three fields
are shown: ELO,1:A(t) is the local oscillator field reflecting off optical head A; and Esig,1:AA(t)
and Esig,1:AB(t) are two fields arriving from the two optical heads on the distant spacecraft. The
displacement along each link can be inferred from the phase of heterodyne beatnotes between the
local oscillator field and distant spacecraft signals. Each beatnote has two pseudo random phase
modulations as part of the digitally enhanced heterodyne interferometry (DEHI) multiplexing. To
demultiplex the beatnotes on the detector the phase modulations from both the local modulator
and the distant modulator will need to be decoded. c1A(t) is the pseudo random phase modulation
applied on spacecraft 1, while c2A(t) and c2B(t) are the phase modulations applied on the distant
spacecraft. Applying these codes to the detected beatnotes allows the displacement along the two
links, x1:AA(t) and x1:AB(t), to be measured using phasemeters.
While the reflection off optical head 1B (not shown) will have double passed the EOM in
path B:
ELO,1:B(t) = c1B(t)c1B(t
†)E1B(t) (3.15)
where t† is used to indicate that there will be some macroscopic delay between the two
passes of the EOM depending on the fibre length between the EOM and optical head. The
beatnote P1:B,AA(t) between the signal from OH2A that couples into OH1A and the local
reflection off OH1B will be encoded with four orthogonal pseudo random noise codes:
P1:B,AA(t) ∝ c1B(t)c1B(t†)c1A(t)c2A(t− τ) (3.16)
Since the demultiplexing is used to decode a local and distant spacecraft code, this beat-
note and others like it, will be suppressed in the double demodulation. In contrast, the
beatnotes are the result of a local oscillator reflection off an optical head interfering with
a signal coupling into the same optical head. Consequently, since the fields are combined
at the optical head, the path back along the fibre to the detector, passing through the
EOM, will be common to the two fields and therefore the extra pseudo random phase
modulations will not appear in the detected heterodyne phase.
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Figure 3.6: An abstract representation of the signal processing required to transform multiple
one-way link measurements between optical heads into a round-trip measurement between two
spacecraft centres of mass.
3.4 Synthesising the line-of-sight displacement
In addition to rotation-to-pathlength coupling, there are a number of noise sources that can
be suppressed in the post-processing of the multi-link displacement measurements. Laser
frequency noise will couple into the displacement measurement from the large spacecraft
separation and, while an all fibre implementation will ease the spacecraft integration, it
will also add additional noise due to fibre length fluctuations. This section outlines the
linear combinations required to suppress displacement error from these noise sources.
3.4.1 Overview of signal processing
Figure 3.6 shows the main steps required to transform one-way displacement measurements
along each link into an interspacecraft range measurement between two spacecraft centres
of mass. With only two optical heads per spacecraft the interferometer is only able to
suppress spacecraft rotation about one axis. This example is used to simplify the following
discussion, however the derivation for a system with three optical heads, which would be
more appropriate for a GRACE-like mission, can be found in Appendix A.
In Figure 3.6 (a) 8 one-way displacement measurements are made along the links between
optical heads on two spacecraft. In (b) the one-way measurements along each link are
combined using a simple time delay interferometry combination to synthesise 4 round-trip
displacement measurements. This suppresses laser frequency displacement noise and path-
length noise. Then in (c), using a weighted average, rotation of spacecraft 2 is suppressed,
forming 2 round-trip displacement measurements between the spacecraft 1 optical heads
and spacecraft 2 centre of mass. Finally in (d) a second weighted average suppresses any
spacecraft 1 rotation to leave a single round-trip displacement measurement between the
two spacecraft centres of mass.
3.4.2 One-way displacement measurements
In this section the displacement that will be measured along a single interspacecraft link
is derived. In the following equations it is assumed the lasers are frequency stabilised
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using the fibre reference paths, the frequency of laser 1 is higher than laser 2 and that the
heterodyne beatnote between the two lasers is maintained within the bandwidth of the
ADC using some slow feedback to the laser on spacecraft 2.
Notation is now introduced to help distinguish between the different link displacement
measurements. The displacement measured on spacecraft i, along the link between optical
head j on spacecraft 1 and optical head k on spacecraft 2 is denoted:
xi:jk(t) (3.17)
As an example, the link formed between optical head A on spacecraft 1 and optical head B
on spacecraft 2, will have a displacement measurement on spacecraft 2 denoted by x2:AB.
The displacement measured along the same link, but on spacecraft 1, is denoted x1:AB.
Figure 3.7 illustrates this notation for the remaining links.
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Figure 3.7: The displacement noise along each optical link in a multi-link interferometer. On
the ith spacecraft: the lasers have laser frequency equivalent displacement noise xLi, spacecraft
rotation is θi, the optical heads A and B are offset from the line-of-sight by diA and diB, and the
lengths ∆xii,∆xiA,∆xiB,∆xio,∆xiref , are the length fluctuations in the fibre paths internal to the
interferometer. The interspacecraft displacement is labelled xR(t).
In Figure 3.7, the displacement noise along each link is shown. The displacement along
the link between OH1A and OH2A measured on spacecraft 1, x1:AA(t), will be inferred
from the beatnote between the local reflection off optical head 1A, ELO,1:A, and the light
coupling into optical head 1A from optical head 2A on the distant spacecraft, Esig,1:AA.
At the reference plane on spacecraft 1 where the two fields are combined, the local oscillator
reflection off optical head 1A will have electric field:
ELO,1:A(t) = αE1(t)e
i(2pi(f+fh)t+pic1A(t)+ 2piλ xLO,1:A(t)) (3.18)
where E1(t) is the electric field of the laser on spacecraft 1, α is a loss term that accounts
for losses in the fibre splitters and the reflectivity of the optical head, fh is the heterodyne
frequency, c1A(t) is the pseudo random phase modulation applied by the EOM with a
modulation depth of pi radians, λ is the wavelength and xLO,1:A(t) is the optical pathlength
up to the optical head OH1A. The pathlength is equal to:
xLO,1:A(t) = xL1(t) + ∆x1i(t) + ∆x1A(t) (3.19)
where the laser frequency equivalent displacement noise from the laser on spacecraft 1 is
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xL1(t), and ∆x1i(t), ∆x1A(t) are the fibre pathlength fluctuations shown in Figure 3.7.
The electric field of the signal from optical head 2A is:
Esig,1:AA(t) = βE2(t)e
i(2pift+pic2A(t−τ)+ 2piλ xsig,1:AA(t)) (3.20)
where E2(t) is the electric field of the laser on spacecraft 2, β is a loss term to account
for the loss through the splitters on spacecraft 2 and the propagation losses and coupling
losses as it travels to spacecraft 1, and c2A(t) is the pseudo random phase modulation
applied by the EOM on spacecraft 2 which is delayed by the interspacecraft delay τ . For
a GRACE-like mission, with spacecraft separation on the order of 200 km, the delay is
approximately 0.67 ms. Finally, the displacement along the link, xsig,1:AA(t), is given by:
xsig,1:AA(t) = xL2(t− τ) + ∆x2i(t− τ) + ∆x2A(t− τ)
− d2A sin θ2(t− τ) + xR(t) + d1A sin θ1(t)
(3.21)
where the laser frequency equivalent displacement noise from laser 2, xL2(t), and spacecraft
2 fibre fluctuations, ∆x2i(t) and ∆x2A(t), are delayed by the interspacecraft delay, τ , and
the displacement noise due to rotation of spacecraft 2 and spacecraft 1 are d2A sin θ2(t)
and d1A sin θ2(t) respectively, which have been calculated using Eq. 1.1.
The interference between these two fields will have a power:
P1:AA(t) = 2
√
αβP cos (2pifht+ pic1A(t)− pic2A(t− τ) + kx1:AA(t)) (3.22)
where it is assumed the power of both lasers is P. If the two pseudo random phase mod-
ulations are decoded correctly then the phase of the beatnote can be tracked with a
phasemeter. The phasemeter will measure a displacement equal to the difference between
the two paths:
x1:AA(t) = xLO,1:A(t)− xsig,1:AA(t) (3.23)
Which from Eq. 3.19 and Eq. 3.21 is equal to:
x1:AA(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1A(t)−∆x2i(t− τ)
−∆x2A(t− τ)−∆xR(t)− d1A sin θ1(t) + d2A sin θ2(t− τ)
(3.24)
Since the local reflection and incoming beam are combined at the reference on spacecraft
1, the fibre length fluctuations following this point are common and therefore do not
contribute to the heterodyne phase. This is the same reason the phase modulation due to
the second pass through the EOM does not appear in the phase of the beatnote.
3.4.3 Summary of one-way displacement measurements
Following on from the example in the last section it is now possible to write down the
displacement that will be measured on the remaining links. These will be used to form
round-trip displacement measurements in the next section.
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From Figure 3.7, the remaining displacement measurements on spacecraft 1 are:
x1:AB(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1A(t)−∆x2i(t− τ)
−∆x2B(t− τ)−∆xR(t)− d1A sin θ1(t)− d2B sin θ2(t− τ)
(3.25)
x1:BA(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1B(t)−∆x2i(t− τ)
−∆x2A(t− τ)−∆xR(t) + d1B sin θ1(t) + d2A sin θ2(t− τ)
(3.26)
x1:BB(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1B(t)−∆x2i(t− τ)
−∆x2B(t− τ)−∆xR(t) + d1B sin θ1(t)− d2B sin θ2(t− τ)
(3.27)
And, traveling in the opposite direction along the same links, the following displacement
measurements are made on spacecraft 2:
x2:AA(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1A(t− τ)−∆x2i(t)
−∆x2A(t) + xR(t) + d1A sin θ1(t− τ)− d2A sin θ2(t)
(3.28)
x2:AB(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1A(t− τ)−∆x2i(t)
−∆x2B(t) + xR(t) + d1A sin θ1(t− τ) + d2B sin θ2(t)
(3.29)
x2:BA(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1B(t− τ)−∆x2i(t)
−∆x2A(t) + xR(t)− d1B sin θ1(t− τ)− d2A sin θ2(t)
(3.30)
x2:BB(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1B(t− τ)−∆x2i(t)
−∆x2B(t) + xR(t)− d1B sin θ1(t− τ) + d2B sin θ2(t)
(3.31)
Each of these link measurements has displacement noise from fibre fluctuations, laser
frequency noise and rotation-to-pathlength noise.
3.4.4 Cancelling laser frequency and pathlength noise
In GRACE-FO, the laser frequency displacement noise from the slave laser on spacecraft
2 is minimised by phase locking the slave to the master laser. Instead of phase locking
laser 2 to laser 1, the laser frequency displacement noise from laser 2 can be cancelled
in post-processing. Round-trip combinations can be formed along each link to suppress
the fibre pathlength fluctuations and laser frequency displacement noise in the one-way
displacement measurements.
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As an example, a round-trip measurement along the link between optical head A on space-
craft 1 and optical head A on spacecraft 2, can be calculated using the follow combination:
xAA(t) = x1:AA(t)− x2:AA(t) (3.32)
Given the macroscopic delays that appear in Eq. 3.24 and Eq. 3.28, the laser frequency
displacement noise due to spacecraft 2 will not be canceled in this combination. To cancel
the laser frequency displacement noise the spacecraft 2 measurements need to be delayed
with an estimate of the interspacecraft delay τˆ :
xAA(t) = x1:AA(t)− x2:AA(t− τˆ) (3.33)
This is a simple time delay interferometry3 combination. Substituting Eq. 3.24 and
Eq. 3.28 into Eq. 3.33, and assuming the delay estimate τˆ is equal to the actual delay
τ , the path length fluctuations and laser 2 displacement noise will be suppressed:
xAA(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)− 2d1A sin θ1(t) + 2d2A sin θ2(t) (3.34)
The measurement is however still sensitive to the rotation-to-pathlength coupling and laser
1 displacement noise. The delays in the fibre length fluctuations, spacecraft rotation-
to-pathlength coupled error and the interspacecraft range have been ignored under the
assumption that over the time it takes the light to travel between spacecraft ∼ 1.3ms these
signals are not changing. The residual noise from these sources is considered in Chapter 7.
Another question that may be raised by this analysis is how the delays needed to form
these time delay interferometry combinations can be determined. The pseudo random
codes used in the DEHI multiplexing could be used to estimate the interspacecraft delay.
An alternate method that uses the displacement measurements themselves is discussed in
Chapter 5.
3.4.5 Summary of round-trip displacement measurements
The other three round-trip measurements can be calculated similarly using the measure-
ments at either end of each link and an estimate of the interspacecraft delay. They are as
follows:
xAB(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)− 2d1A sin θ1(t)− 2d2B sin θ2(t) (3.35)
xBA(t) = xL1(t)− xL1(t− 2τ)− 2xR(t) + 2d1B sin θ1(t) + 2d2A sin θ2(t) (3.36)
xBB(t) = xL1(t)− xL1(t− 2τ)− 2xR(t) + 2d1B sin θ1(t)− 2d2B sin θ2(t) (3.37)
These measurements all have suppressed laser 2 displacement noise and fibre path fluc-
tuations but are still sensitive to the laser 1 displacement noise and the rotation of both
spacecraft 1 and 2.
3Time delay interferometry is a post-processing technique used for synthesising interferometer config-
urations from one-way measurements [33] and will be discussed more in Chapter 5
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3.4.6 Suppressing rotation-to-pathlength coupling with a weighted
average
Linear combinations of the four round-trip measurements (Eqs. 3.34-3.37) can be formed
to cancel rotation-to-pathlength coupled error. In the first stage, spacecraft 2 rotation
coupled error is canceled. The aim is to take the four round-trip measurements between
the optical heads and construct two measurements between the optical heads on spacecraft
1 and the centre of mass on spacecraft 2. The first is a weighted average of the two round-
trip measurements originating at OH1A, using weights w2A and w2B:
xA(t) = w2AxAA(t) + w2BxAB(t) (3.38)
The second measurement is between OH1B and the spacecraft 2 centre of mass. This
is constructed using a weighted average of the two round-trip measurements starting at
OH1B:
xB(t) = w2AxBA(t) + w2BxBB(t) (3.39)
Note that the same weights, w2A and w2B, can be used in the two combinations. This is
because the weights depend on the location of the spacecraft 2 optical heads relative to
the spacecraft 2 centre of mass.
Since the optical link offsets were defined in Figure 3.7, it is possible to determine algebra-
ically the weights needed to cancel the rotation-to-pathlength coupling completely. There
are two requirements when choosing weights: 1) cancel the rotation-to-pathlength coup-
ling; and 2) maintain the sensitivity to the displacement signal. The weights in Eq. 3.38
need to cancel the rotation-to-pathlength noise due to spacecraft 2 rotation in Eq. 3.34
and 3.35. That is:
2w2Ad2A sin θ2(t)− 2w2Bd2B sin θ2(t) = 0 (3.40)
where 2d2A sin θ2(t) and −2d2B sin θ2(t) are the components of the round-trip measure-
ments xAA(t) and xAB(t) that depend on spacecraft 2 rotation. Maintaining the sensitivity
to the interspacecraft displacement signal requires:
w2A + w2B = 1 (3.41)
Solving Eq. 3.40 and 3.41 the weights are:
w2A =
d2B
d2A + d2B
(3.42)
w2B =
d2A
d2A + d2B
(3.43)
Note that in this definition d2A and d2B are used to represent the size and not the direction
of the offsets in the optical links. If the optical heads were placed on the same side of
the line-of-sight then these equations would be different. As the example in Section 3.1
showed, when the optical heads are positioned on the same side of the line-of-sight then
one of the weights had to be negative in order to suppress the rotation-to-pathlength
coupling. In Section 3.5.4 the consequence of using negative weights is discussed.
43
3.5 Uncertainties in a multi-link interferometer
Eq. 3.42 and Eq. 3.43 are exact expressions for the weights that assumed knowledge of the
optical head positions relative to the centre of mass. In practice the exact positions of the
optical heads may not be known. Fortunately there are alternate methods that could be
used to find the weights. These are discussed in Section 3.5.2.
Substituting Eq. 3.42 and Eq. 3.43 into Eq. 3.38, the displacement between OH1A and
the spacecraft 2 centre of mass is:
xA(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)− 2d1A sin θ1(t) (3.44)
This measurement between OH1A and the spacecraft 2 centre of mass has canceled the
pathlength error due to spacecraft 2 rotation, θ2, as required.
Using the same weights, it is possible to synthesise a measurement between OH1B and
the spacecraft 2 centre of mass:
xB(t) = xL1(t)− xL1(t− 2τ)− 2xR(t) + 2d1B sin θ1(t) (3.45)
Again, the pathlength error due to spacecraft 2 rotation has been cancelled.
3.4.7 Line-of-sight displacement
The last step needed in order to recover the spacecraft displacement, xc.m(t), along the
line-of-sight between the two spacecraft centres of mass is to apply spacecraft 1 weights
to the measurements in Eq. 3.44 and Eq. 3.45:
xc.m(t) = w1AxA(t) + w1BxB(t) (3.46)
The spacecraft 1 weights, w1A and w1B, can be calculated using Eq. 3.42 and Eq. 3.43, but
using the spacecraft 1 offsets, d1A and d1B, instead of the spacecraft 2 offsets. Applying
these weights the centre of mass displacement is then recovered:
xc.m = xL1(t)− xL1(t− 2τ)− 2xR(t) (3.47)
This synthesised displacement measurement, which represents the centre of mass displace-
ment between spacecraft 1 and spacecraft 2, has fibre path fluctuations, laser 2 frequency
displacement noise and rotation-to-pathlength error from both spacecraft suppressed. As
is expected for a one-arm interferometer however, the frequency displacement noise from
laser 1 is present, albeit suppressed by the round-trip.
3.5 Uncertainties in a multi-link interferometer
The last section showed how multiple one-way link displacement measurements between
spacecraft could be combined in post-processing to synthesise a single displacement meas-
urement between two spacecraft centres of mass. This section addresses how uncertainties
in the multi-link interferometer can affect the suppression of the fibre pathlength fluc-
tuations, laser frequency displacement noise and rotation-to-pathlength coupling in this
synthesised measurement.
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3.5.1 Sensitivity to the roll, pitch and yaw of the spacecraft
In a GRACE-like mission more than 2 optical heads would be needed in order to suppress
rotations around all spacecraft axes. If the optical heads are to be positioned arbitrarily
within the plane of the centre of mass, it is important to consider the effect of offsets along
all 3 axes.
To see how the roll, pitch, and yaw of the spacecraft couple into the displacement, an
arbitrary rotation of the spacecraft about its centre of mass is modeled using intrinsic Tait-
Bryan rotations [93]. Figure 3.8 shows the assumed spacecraft orientation and defines the
roll, pitch and yaw axes. The optical head is offset from the centre of mass by {dx, dy, dz}
and the spacecraft 1 (SC1) undergoes small rotations {θx, θy, θz}.
x
z
y
θy
θz
θx line-of-sight
optical head
{dx,dy,dz}
interspacecraft link
Spacecraft
c.m plane
Figure 3.8: Coupling of spacecraft roll, pitch and yaw into the displacement measurement along
an interspacecraft link. An optical head is positioned at {dx, dy, dz} relative to the centre of
mass. Roll, pitch and yaw – {θx, θy, θz} – of the local spacecraft will couple into the displacement
measurement with differing strength.
The displacement error due to a spacecraft rotation {θx, θy, θz} will be:
∆xtilt(t) = dx cos θz(t) cos θy(t)
+dy(cos θz(t) sin θy(t) sin θx(t)− cos θx(t) sin θz(t))
+dz(sin θz(t) sin θx(t) + cos θz(t) cos θx(t) sin θy(t))
(3.48)
From Eq. 3.48, any offsets dx, in the optical head placement, will lead to quadratic coupling
of rotation-to-pathlength error. Assuming small rotations:
|θx(t)|, |θy(t)|, |θz(t)| << 1 rad (3.49)
the rotation-to-pathlength error will only be sensitive to offsets dy and dz:
∆xtilt(t) ≈ dx + dy(θy(t)θx(t)− θz(t)) + dz(θz(t)θx(t) + θy(t)) (3.50)
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The static offset dx will not affect the phasemeter measurement and can therefore be
ignored. The spacecraft roll is roughly an order of magnitude smaller than the pitch and
yaw [94]. The effect of spacecraft roll is also second order, only coupling into the length
measurement when the spacecraft has also experienced a change in yaw or pitch, since
it is primarily around the beam axis. To first order the displacement error is therefore
approximately:
∆xtilt(t) ≈ −dyθz(t) + dzθy(t) (3.51)
With its star camera based attitude and orbit control system, GRACE will have residual
pointing fluctuations up to 4 mrad [72]. Assuming the spacecraft rotations remain small,
a GRACE-like mission will only be sensitive to the pitch and yaw of the spacecraft and
could operate with a minimum of 3 optical heads. These optical heads would need to be
arranged in a 2-dimensional configuration in the y-z plane of the centre of mass in order
to sense the coupling due to both the pitch and yaw. Any offset from this plane, provided
it is small, will lead to second order coupling of rotation and therefore can also be ignored.
3.5.2 Weighted averages with 3 or more optical heads
In Section 3.4.6, expressions were given for the weights in a 2 optical head interferometer.
With 3 or more optical heads, the weights become more difficult to calculate analytically.
Since this also depends on how accurately the position of each optical head can be measured
relative to the spacecraft centre of mass, it is desirable to have an alternative method to
determine the weights.
Fortunately, there are a number of methods that could be used to determine the weights.
The method discussed so far would be to measure the position of the optical heads relative
to the spacecraft centre of mass and then algebraically find the weights. Assuming 3 optical
heads per spacecraft, positioned in the plane of the centre of mass, the weights can be
found by solving the following system of equations:
∑
wi = 1 (3.52)∑
wi · dyi = 0 (3.53)∑
wi · dzi = 0 (3.54)
The first equation is because the weights need to be normalised to ensure that the final
combination has the correct scaling for the displacement signal. The second and third
equations are needed to cancel the displacement error from any rotation around the trans-
verse axes of the local spacecraft. Here dyi/dzi are used to represent offsets along the y-
and z-axes of the spacecraft with i = A,B,C... the optical head index. The reader may
recognise that these are generalised versions of Eq. 3.40 and Eq. 3.41.
This approach to find the weights requires a precise measurement of each optical head
position. An uncertainty in the knowledge of the optical head position will introduce an
error into the weights and therefore the displacement due to spacecraft rotation will not
cancel completely. This is analysed further in Section 3.5.3.
An alternative, since the combinations are formed in post-processing, is to optimise the
weights in order to improve the cancellation of the rotation-to-pathlength error. Following
launch of the spacecraft, the spacecraft orientation could be intentionally dithered, with
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the weights determined by finding the combination of displacement measurements that
minimises the dither signal in the recovered displacement. For this to work the spacecraft
dither would need to be at a frequency above the dominant range signal. The advantage
of this approach however is that it is possible to determine the weights following launch.
It can therefore be used to correct for shifts in the position of the optical heads during
launch and could also be performed routinely to calibrate the instrument and stop the
sensitivity degrading over time. GRACE uses a similar technique, adjusting the attitude
of the satellites in pitch and yaw, to calibrate the K-band link [90].
As a third option it is possible that the measurements themselves could be used to sup-
press the spacecraft rotation. As Eqs. 3.34 - 3.35 show, the round-trip measurements will
be identical except for the rotation-to-pathlength noise. This suggests that it could be
possible to exploit correlations in the noise between the round-trip link measurements,
and a similar optimisation to that proposed above for the calibration spacecraft dither, to
find weights that suppresses the rotation-to-pathlength noise. Further analysis will need
to be performed on this however to determine whether the noise can be suppressed to the
required level using this technique.
3.5.3 Positioning and stability of optical heads
In the last section various methods to determine the weights were presented. One of these
used knowledge of the optical head positions on the spacecraft to algebraically determine
the weights. In this section the effect of instabilities in the optical head positions is
considered with a calculation of how the suppression of rotation-to-pathlength coupling
will be affected.
One of the requirements for a multi-link interferometer listed in Section 3.3.1 was that
the optical heads need to be stable relative to the centre of mass. If the relative pos-
itions of the optical heads change, then the coupling of rotation-to-pathlength will also
change, requiring different weights to cancel the displacement error. Thermal expansion
and vibration of the spacecraft could both affect the stability of the optical heads and for
this reason careful selection of materials and design of interferometer housing is vital. See
for example [95]. The positions of the optical heads relative to the centre of mass could
also be affected by shifts in the centre of mass position arising from imbalances in the
fuel tanks [87]. This may require the weights to be updated periodically, possibly with a
calibration dither as suggested in the last section.
In the event that these effects can not be minimised through the design of the inter-
ferometer alone, their impact on the suppression of rotation-to-pathlength error is now
considered. It is assumed in this analysis that there are only 2 optical heads per space-
craft. With 3 optical heads the analysis is more complicated so this is saved for a numerical
analysis presented in Chapter 7.
Optical heads OHA and OHB are positioned at dA and dB respectively. When the position
of OHA is measured there is an error ∆d. To simplify the analysis, the measurement of
OHB’s position is assumed to be correct. The measurements of the optical head positions
are then:
dˆA = dA + ∆d (3.55)
dˆB = dB (3.56)
The error, ∆d, could be due to a measurement uncertainty or because the position of the
47
3.5 Uncertainties in a multi-link interferometer
optical head has shifted after the position was measured. Using Eq. 3.42 and Eq. 3.43,
the following weights are calculated:
wˆA =
dB
dA + ∆d+ dB
(3.57)
wˆB =
dA + ∆d
dA + ∆d+ dB
(3.58)
These can be rewritten as:
wˆA = wA −∆w (3.59)
wˆB = wB + ∆w (3.60)
where wA and wB represent the weights needed to suppress the measured rotation-to-
pathlength coupling, and their hatted counterparts are the weights that were calculated
in Eq. 3.57 and Eq. 3.58. The error, ∆w, in the weights is equal to:
∆w =
dB∆d
(dA + dB)(dA + ∆d+ dB)
(3.61)
When the weights are applied to round-trip displacement measurements some of the path-
length error due to a rotation, θ(t), will cancel, but there will be residual rotation-to-
pathlength noise due to the error in the weights:
∆xResTilt(t) = − ∆w
wAwB
sin θ(t) (3.62)
Substituting in Eq. 3.57,3.58 and 3.61 the residual rotation error can be expressed in terms
of the optical head positions:
∆xResTilt(t) = −∆d
dA
(dA + dB)
(dA + ∆d+ dB)
sin θ(t) (3.63)
To get an idea for how this error scales, assuming the optical heads are offset from the
centre of mass by dA = dB = 1 m, if the error in the measurement of optical head A’s
position is ∆d = 1 mm, then a pointing noise of 1 mrad/
√
Hz will lead to a residual
displacement noise of 1 µm/
√
Hz. This is over an order of magnitude larger than the
required displacement sensitivity in GRACE-FO [1]. This was only an example to see
how high the error could be if incorrect weights were used and assumed a static error in
the weights. It does illustrate however the need to either measure the positions exactly
or to have a calibration procedure to determine the weights. In a GRACE mission, the
error could potentially be along 3 axes resulting in a larger residual error. If the positions
are also changing with time then the residual error will be larger still. This shows the
importance of having the optical heads stable with respect to the centre of mass.
3.5.4 Signal-to-noise ratio of the recovered line-of-sight displacement
One of the three requirements for the weights is that they are normalised. This is important
as the round-trip displacement measurement needs to have the same scaling after the
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Figure 3.9: Optical head configurations. The signal to noise ratio of the synthesised centre of
mass displacement will depend on the weights used in the weighted average. This itself depends
on the location of the centre of mass relative to the area enclosed by the optical heads. In (a), the
optical heads enclose the centre of mass and uncorrelated noise will be suppressed in the centre of
mass combination. In (b), the centre of mass is outside this area. There is an SNR penalty as the
weighted average will require negative weights, with magnitudes greater than 1, in order to cancel
the rotation-to-pathlength coupling.
weighted average. Each of the displacement measurements used in the weighted average
will have some amount of additive noise. While some of this noise will be correlated4 each
displacement measurement will also have its own uncorrelated shot noise. Consequently,
it is worth considering how the signal to noise ratio (SNR) of the recovered line-of-sight
measurement is affected by the averaging.
The SNR of the synthesised displacement measurement depends on the positions of the
optical heads relative to the centre of mass. This is because the uncorrelated noise in
each measurement will add incoherently in the weighted average. A weighted average
performed on three measurements with individual SNRs of {s1/η1, s2/η2, s3/η3} will have
an SNR of:
SNR =
Σwi · si√
Σ(wi · ηi)2
(3.64)
If the optical heads surround the centre of mass, the weights will all have magnitudes
less than 1. If the optical heads do not surround the centre of mass, some of the weights
will need to be negative and some of the weights will have magnitudes greater than 1.
Consequently there will be two distinct effects: (a) if the optical heads surround the centre
of mass then the noise is suppressed, and averaging more measurements will improve the
SNR; and (b) if the centre of mass is not surrounded by the optical heads then the SNR
will decrease. Figure 3.9 illustrates the difference between these two configurations.
Figure 3.10 shows how the SNR of the weighted average changes as a function of the
centre of mass position relative to a static optical head configuration. In the figure, the
triangular optical head configuration is shown by the dashed line. The optical heads are
arranged in an equilateral triangle, offset from the centre of mass by 1 m. The SNR across
the plotted area is calculated using Eq. 3.64. Each point on the plot shows the SNR of a
displacement measurement synthesised at that point. The SNR levels, shown in dB, are
4Measurements on each spacecraft will have the same ADC and detector noise
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Figure 3.10: The signal-to-noise ratio (SNR) of the weighted average as a function of centre of
mass position. The plot shows the SNR in dB normalised to the SNR of a signal link. A maximum
SNR of 4.77 dB is achieved by making the centre of mass coincident with the centre of the optical
head configuration. The outline of the optical head configuration is shown by the dotted line with
the 3 optical heads at the vertices of the triangle. When the centre of mass is outside the area
enclosed by the optical heads the penalty is a lower SNR.
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normalised to the SNR of a single optical head measurement.
The SNR is maximised when the synthesised measurement is located at the centre of the
optical head constellation. If the centre of mass is inside the area enclosed by the optical
heads then the SNR is improved by the averaging. The three optical heads (A,B,C) lie
on the 0 dB contour line since the displacement at these points can be recovered simply
by taking the displacement measured at that position and setting the weights of the other
two displacement measurements to 0. The figure confirms that positioning the centre of
mass outside the area enclosed by the optical heads comes with a penalty of lower SNR.
That said, positioning the centre of mass within the circle defined by the optical heads
also leads to improvement from averaging, although it could still be outside the actual
area of the optical heads. This is because the displacement at these points can still be
recovered using weights with magnitudes less than 1.
This result shows the importance of positioning the optical heads around the centre of
mass. Assuming the optical heads can be placed on (or close to) the outside of the
spacecraft however then this shouldn’t be a problem.
Alternatively, although it comes with a penalty, if the lower SNR can be tolerated, this
result also suggests that it could be possible to use a compact sensor comprised of multiple
optical heads and attach this to only one corner of each spacecraft rather than have them
arranged around the centre of mass. This would drastically ease spacecraft integration.
This idea is explored further in Chapter 8.
3.5.5 Acquiring the links between multiple optical heads
The dominant source of uncorrelated noise in the displacement measurements will be
shot noise and the amount of shot noise will be directly related to how the multiple
interspacecraft links are acquired. This section considers how acquisition will work in a
multi-link interferometer and predicts the level of shot noise expected in each link.
In the last chapter the acquisition strategy for GRACE-FO was discussed. In this strategy
a spiral beam search was performed using a piezo steering mirror to reduce a 3 mrad un-
certainty cone following alignment with the on-board star cameras [13, 14]. This was a
5 degree of freedom problem, requiring the pitch and yaw of both spacecraft, as well as
an initial frequency offset between the two lasers to be matched. In a multi-link interfer-
ometer, with 3 optical heads, there are 9 interspacecraft links instead of 1, making the
prospects of acquisition even more challenging.
As an alternative however, the interferometer could not use an active acquisition, which
would greatly simplify the interferometer design. In GRACE and GRACE-FO, the k-band
microwave ranging only requires the star cameras to reach the pointing accuracy required
for its science mode [72]. However with lasers being less divergent than microwaves it
was decided an active beam pointing and dedicated acquisition strategy was required for
the laser ranging interferometer [1]. Otherwise spacecraft attitude errors would lead to
misalignments between the local and received beams that would degrade the heterodyne
efficiency and therefore reduce the effective received power. The driving motivation was
reaching an effective received power equal to or greater than the predicted minimum
trackable power of 3 pW [1].
If the beam divergence is increased so that all optical links can be formed without an
active acquisition strategy, then signals weaker than 3 pW will need to be tracked. Fig-
ure 3.11 shows the concept for this passive acquisition strategy. The optical heads would
be designed so that light from each optical head will couple into all optical heads on the
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distant spacecraft assuming worst case misalignment.
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Figure 3.11: Passive acquisition concept for multi-link GRACE. To avoid requiring an active
acquisition strategy, the divergence, θdiv, out of the optical heads is selected so that light couples
into all distant optical heads even with worst case misalignment following launch.
The GRACE spacecraft have a separation on the order of 200 km. This is well beyond
the Rayleigh range and therefore the wavefronts arriving from the distant spacecraft will
be spherical. As a result, the beam tilt at the receiving spacecraft will be unaffected by
rotation of the transmitting spacecraft. Only rotation of the receiving spacecraft will affect
the received power. The efficiency of the optical link can be calculated using an overlap
integral between the incoming signal and the local oscillator fields, Esig and ELO, in the
plane of the receiver. Assuming a transmitted power P, the effective signal power Psig,eff
received on the distant spacecraft will be:
Psig,eff =
| ∫ E∗sigELOdA|2∫ |Esig|2dA ∫ |ELO|2dA (3.65)
Following launch, the GRACE-FO laser ranging interferometer will have an initial pointing
uncertainty of ±3 mrad [13, 14]. Assuming this is the worst case misalignment, Figure 3.12
shows the expected received power on the distant spacecraft as a function of initial beam
waist out of the optical heads.
Figure 3.12 shows the relationship between initial waist radius on the transmitting space-
craft and received power on the distant spacecraft. The upper curve assumes the spacecraft
links are aligned in pitch and yaw. This is approximately where the GRACE FO link will
be following acquisition - a 2.5 mm waist, means the phasemeter will have approximately
100 pW of power. The lower curve assumes worst case misalignment - both spacecraft 1
and spacecraft 2 have 3 mrad pointing error and are pointing in opposite directions. As
the figure shows, the received power drops off significantly for waist sizes above 1 mm.
Below about 250 um the two cases converge. This is because with a 200 km separation a
high divergence beam will have only a small fraction of light hitting the 4 mm target fibre
collimator on the distant spacecraft. For beam waists less than 1 mm, the received power
will be above 1 fW without active beam pointing. From this analysis a waist size between
0.5 and 1 mm would therefore be desirable.
If there is no active beam pointing as part of the link acquisition, a major challenge with
this technique is that the received signals will be extremely low power. This requires
the phasemeters to track sub-pW level signals. The advantage however is an overall
simplification of the hardware and interferometer design.
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Figure 3.12: Received power as a function of initial waist radius assuming no beam pointing.
Bounds are shown for both the worst case ± 3 mrad misalignment and best case alignment.
3.6 Challenges of the multi-link architecture
In this chapter a multi-link concept for a next generation GRACE mission was presented.
The all-fibre interferometer uses 3 optical heads per spacecraft to form 18 one-way inter-
spacecraft links. It was proposed that optical heads with high divergence and the star
camera alignment of the spacecraft could be sufficient to acquire all interspacecraft links.
Using digitally enhanced heterodyne interferometry the displacement along each link can
then be measured. The fibre path fluctuations, laser frequency displacement noise from
the laser on one spacecraft, and rotation coupled error from both spacecraft can all be can-
celled in post-processing using a combination of time delay interferometry and weighted
averaging.
To evaluate this architecture for a next generation GRACE mission however, several as-
pects of this proposal need to be demonstrated. The main challenges indicated in this
chapter are:
1. Cancellation of rotation-to-pathlength coupling through a weighted average
2. Phase tracking of optical signals with low SNR
3. Post-processing suppression of laser frequency displacement noise in a GRACE-like
interferometer
The next three chapters present results of experiments that were performed in order to
address these challenges.
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3.7 Chapter summary
In this chapter an example multi-link GRACE interferometer was analysed. Although a
multi-link GRACE will require a minimum of 3 optical heads to cancel both pitch and
yaw, for most of this chapter a layout with 2 optical heads was presented. This allowed
the discussion of the signal processing steps required to convert multiple link measure-
ments into a single line-of-sight displacement measurement to be simplified. The same
steps for a 3 optical head interferometer are saved for the appendix. Sources of potential
uncertainty and how they will affect the ability to suppress laser frequency displacement
noise, fibre path fluctuations and rotation-to-pathlength error were also discussed. The
chapter concluded with a look at the major challenges facing this implementation of the
multi-link architecture. These challenges will be the topic of the next three chapters.
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Low SNR phase tracking
In a multi-link interferometer aligning all of the links will be a challenge. To make link
acquisition simpler, in the last chapter it was proposed the divergence of the beams out of
each optical head could be made sufficiently high so that links could be formed between
all optical heads using star camera based alignment alone. Unfortunately, while this will
help acquire links between all optical heads, the resulting beatnotes will have lower signal-
to-noise ratio (SNR) than GRACE-FO, and consequently will be harder to track using a
phasemeter.
Over the large spacecraft separations in space-based interferometers, beam divergence
will mean only a fraction of the transmitted light is received on the distant spacecraft.
This power attenuation is made worse by misalignments in the optical link. When the
weak received signal is interfered with a bright local oscillator, the SNR of the shot-noise
limited heterodyne beatnote will scale inversely with square-root of the received signal
power. Any attenuation of the received signal, from beam diffraction or misalignment
of the interspacecraft link, will therefore increase the relative noise in the heterodyne
measurement.
Tracking the phase of a signal with a low SNR is difficult because it introduces competing
requirements on the phasemeter bandwidth: a low bandwidth is needed to filter out the
higher noise, but a high bandwidth is needed to track signals with large dynamic range
such as the interspacecraft range and the laser frequency noise. An inability to balance
these competing requirements will lead to cycle slipping in the phasemeter, a phenomenon
that adds cycles of error to the phase measurement and can lead to a run away event that
causes the phasemeter to lose lock.
The chapter starts with an explanation of why low SNR tracking is so challenging. This
includes an overview of previous work for the LISA and ASTROD missions to address the
problem. A linear model of a phasemeter is then analysed to understand the mechanics
of when it becomes nonlinear. From this analysis, an optimal phasemeter bandwidth is
derived for tracking low SNR signals. The analysis is also used to predict a minimum
optical power that can be tracked. This prediction is then tested in an experiment where
a 30 fW signal with free-running laser frequency noise is tracked. The chapter ends with
a discussion of these results and a further prediction of how this could benefit a multi-link
GRACE.
This chapter is based on the following publication:
S.P. Francis, T.T-Y. Lam, K. McKenzie, A.J. Sutton, R.L. Ward, D.E. McClelland, and
D.A. Shaddock, “Weak-light phase tracking with a low cycle slip rate,” Optics letters
39(18), 5251—5254 (2014).
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4.1 Tracking the phase of signals with low SNR
A phasemeter tracking a low SNR signal will be susceptible to cycle slips. Cycle slips
are non-deterministic jumps in phase by 1 cycle or more, adding error to a displacement
measurement, and in some extreme cases, complete loss of lock. Tracking signals with low
SNR is not only a problem that will affect a multi-link interferometer but is also important
for the LISA [96] and ASTROD [97] missions, as well as in deep space optical links [98].
LISA will have spacecraft separations on the order of 5 million kilometres. Beam diver-
gence and finite telescope apertures mean only 100 pW of a transmitted 1 W will be
received by the distant spacecraft [96]. Since the power attenuation along the arms is
too large to be double passed, LISA will have one ‘master’ spacecraft with offset phase
locking on the two slave spacecraft at the end of each arm. The phase locking scheme uses
phase locked loops on each spacecraft to impart the displacement signal encoded onto the
received light phase onto the phase of the outgoing light [99]. This coherently amplifies
the weak displacement signal before transmitting it back along the interferometer arm to
the ‘master’ spacecraft.
The cycle slipping that occurs in phasemeters when tracking optical signals with low SNR
is a problem that occurs in all phase locked loops. In this section an overview of cycle
slipping in phase locked loops is provided and the main low SNR optical tracking results
to date are summarised.
4.1.1 Cycle slipping in a phase locked loop
The phasemeter is a digital implementation of a phase locked loop. In a phase locked
loop the phase of a controlled oscillator is locked to the phase of the input using feedback.
Cycle slipping is an inherent problem in phase locked loops since the phase of the input
and controlled oscillator can only be detected modulo 1 cycle. Consequently, there are
multiple lock points, offset by full cycles, where the detected phase error between the input
and controlled oscillator will be 0 cycles.
Figure 4.1 compares the phase error with the measured phase error in a phase locked loop.
A phase locked loop that uses a mixer, like the phasemeter in Chapter 2, to detect the
phase error between the input and controlled oscillator will have a nonlinear response to
phase error. In the figure, multiple lock points are shown. The phasemeter locks to one of
these points when it first acquires lock. Assuming the phase error is small, the response
of the phase detector around the lock point is linear. The phasemeter is therefore able to
measure the change in separation between spacecraft. Since the phase is measured modulo
1 cycle it cannot be used to measure absolute distance. If the phase error becomes too
large however, the loop can cycle slip, locking to a new lock point and continuing to track
the input, but offset by an integer number of cycles.
Cycle slips are non-deterministic, occurring when the random phase error between the
input and controlled oscillator in the phase locked loop exceed ± 0.5 cycles. At these
points the measured phase error changes sign. The phase locked loop will therefore drive
the controlled oscillator in the wrong direction, away from the original lock point, and
locking to a new lock point. The phase detector decreases in sensitivity when the error
exceeds ± 0.25 cycles, before changing sign at ± 0.5 cycles. This decrease in sensitivity
compounds the cycle slip problem, with the probability of a cycle slip occurring, growing
nonlinearly as the phase error increases.
A cycle slip could be by a single cycle but they can also occur in bursts. Due to the
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Figure 4.1: Cycle slipping in a phase locked loop. Cycle slips occur in phase locked loops because
of the modulo nature of the phase detection. The measured phase error is compared with actual
phase error. The phase locked loop locks to the central lock point where the measured phase error
between the input and controlled oscillator is 0 cycles. If the phase error exceeds ±0.5 cycles the
measured phase error will change sign, changing the direction of feedback. The phase locked loop
will therefore lock to one of the other lock points shown.
momentum of the first slip, the phase locked loop could slip by multiple cycles and in
some cases lose lock completely [100]. Since cycle slips are a random phenomenon they
are difficult to analyse. In the presence of only additive white Gaussian phase noise, the
cycle slip rate can be minimised however by reducing the loop bandwidth [101].
4.1.2 Previous work on tracking low SNR optical signals
While the average number of cycle slips per second due to an additive noise can be reduced
by decreasing the loop bandwidth, in a phasemeter tracking an optical signal this is not
always possible. The phasemeter needs to trade-off rejecting shot noise and maintaining
a high enough bandwidth to track the dynamics of the interspacecraft range and laser
frequency noise. When the SNR of the signal is below a certain level however, it becomes
impossible to balance these two competing requirements and the phase error will cause
the phasemeter to cycle slip and lose lock.
Given the non-deterministic nature of cycle slips however, not to mention the other noise
sources that can affect the phasemeter measurement, it is difficult to determine exactly
what SNR this occurs at.
A number of experiments have been performed in which low SNR optical signals were
tracked and these reveal how different factors can affect the ability of the phasemeter to
track. For the ASTROD mission [97], phase locking at 2 pW for a duration of 1.5 minutes
has been reported [102]. For the LISA mission, a laser was locked to an ultra-low expansion
reference cavity with a stability of around 30 Hz/
√
Hz at 1 mHz, allowing phase locking
to be achieved at 13 pW [96]. Additional work for the LISA mission has tested the pseudo
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random noise based absolute ranging [103] at 100 pW and looked at optimising the noise
in the transimpedance amplifier of the photodetector, allowing a lock to be made at 31
pW [104].
To date, the lowest optical signal that has been tracked, and locked to, was a 40 fW signal
with a cycle slip rate of less than 1 slip/second [98]. This was part of an investigation for
an optical phase transponder for an Earth-Mars deep space link. Using a sequential time
simulation to model the effect of both additive white noise and 1/f laser noise the phase
locked loop parameters were optimised.
Recently the optimal bandwidth in the LISA phasemeter was calculated based on the noise
floor [46, 105]. The noise sources and their effect on locking were also modeled by [106].
4.2 Modelling cycle slips in a phasemeter
By analysing the competing requirements placed on the phasemeter bandwidth by shot
noise and laser frequency noise, the aim is to derive an optimal bandwidth for tracking low
SNR signals. This can then be used to predict the minimum power that can be tracked
for different types of laser frequency noise.
4.2.1 Nonlinear phasemeter behaviour
het(f)
controller
G(f)
adder
^
het(f)+sn(f)
nco(f)
+
-
Figure 4.2: Linear approximation of phasemeter
The phasemeter tracks the heterodyne beatnote, minimising the phase error between a
numerically controlled oscillator (NCO) and the phase of the input. As was shown in
Figure 4.1, the measured response, ∆φmeasured(t), of the phasemeter to a phase error,
∆φ(t), is proportional to:
∆φmeasured(t) ∝ sin ∆φ(t) (4.1)
In closed-loop operation, when the NCO is tracking the heterodyne beatnote, this error
is small. Making the small angle approximation, the measured phase error scales linearly
with the actual phase error between the NCO and heterodyne signal:
∆φmeasured(t) ∝ ∆φ(t) (4.2)
Moving to the frequency domain, this allows the phasemeter to be modeled as a linear
feedback loop with a proportional controller G(f) as shown in Figure 4.2. The linear
phasemeter updates the NCO phase to track the phase of the heterodyne beatnote. The
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phase error between the heterodyne beatnote and NCO is used as the error signal. In an
optical interspacecraft displacement measurement the dominant noise is shot noise. In the
figure, shot noise, φSN(f), is modeled as an additive noise added to the phase of the light,
φhet(f). This heterodyne phase encodes both the interspacecraft displacement signal as
well as laser frequency coupled displacement noise.
When the phasemeter measures the error between the NCO and heterodyne beatnote, it
is corrupted by the shot noise. Assuming the phase error is small, the measured phase
error:
∆φmeasured(f) = φhet(f) + φSN(f)− φNCO(f) (4.3)
where ∆φmeasured(f) is the measured phase error, φhet(f) is the heterodyne phase, φSN(f)
is the shot noise and φNCO(f) is the NCO phase, all in the frequency domain.
The NCO therefore tracks both the heterodyne phase and the added shot noise:
φNCO(f) =
G(f)
1 +G(f)
· (φhet(f) + φSN(f)) (4.4)
While the shot noise adds a white noise floor to the phase measurement, provided the SNR
is high, the phasemeter will continue to be linear. If the relative amount of shot noise
increases however the phase error will increase and the phasemeter can become nonlinear
and cycle slip. From Eq. 4.3 and Eq. 4.4, the phase error between the NCO and heterodyne
beatnote is equal to:
∆φ(f) =
−1
1 +G(f)
φhet(f) +
G(f)
1 +G(f)
φSN(f) (4.5)
In the limit of high gain, |G(f)| >> 1, the heterodyne phase is suppressed, with the phase
error dominated by shot noise:
∆φ(f) ≈ φSN(f) (4.6)
Reducing the gain, G(f), reduces the bandwidth of the phasemeter. As the bandwidth
decreases, shot noise will contribute less to the phase error. This is exactly the method
Viterbi [101] used to reduce the probability of cycle slips in phase locked loops.
4.2.2 Predicting cycle slips
A cycle slip will occur when the phase error in the loop exceeds ±0.5 cycles. Given an
additive Gaussian noise with a standard deviation σ∆φ cycles/s, the probability of cycle
slipping can be determined by calculating the probability of the phase error exceeding
±0.5 cycles. Figure 4.3 compares the probability distribution functions of the Gaussian
phase error assuming two different standard deviations. If the standard deviation is 0.1
cycles/s then the probability of the phase error being larger than ±0.5 cycles is negligible.
If the noise has a standard deviation of 0.5 cycles/s then the probability is significant.
Given a phase error with a standard deviation of σ∆φ cycles/s the probability of the phase
error exceeding ±0.5 cycles can be calculated from the cumulative distribution function.
The cumulative distribution function FX(x) gives the probability that a random variable
X will have a value less than or equal to a value x:
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Figure 4.3: Gaussian phase error and the probability of cycle slipping. Two probability distri-
bution functions are shown assuming different standard deviations: 0.1 and 0.5 cycles/s.
FX(x) = P (X ≤ x) (4.7)
The cumulative distribution function for a variable with a normal distribution is given by:
FX(x) =
1
2
[
1 + erf
(
x√
2σ
)]
(4.8)
where erf(x) is the error function. The error function is the probability that a random
variable X ∼ N(0, 1/2) is less than or equal to ±x. The error function is defined as:
erf(x) =
1√
pi
∫ x
x
e−t
2
dt (4.9)
Modelling the phase error as a normal distribution centred around zero, the probability
that the error will be greater than ±1/2 cycles is given by:
P (x ≤ −1/2) + P (x ≥ 1/2) = 2(1− FX(1/2)) (4.10)
Figure 4.4 shows the probability of a cycle slip occurring as a function of the standard
deviation of the error. Assuming a standard deviation of 0.1 cycles/s the probability of
a cycle slip occurring will be around 5 × 10−7 or approximately one cycle slip every 21
days. If the standard deviation is higher, ∼ 0.2 cycles/s as shown by the dashed line,
the probability of a cycle slip occurring will be approximately 0.01 which is one cycle slip
every 100 seconds.
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Figure 4.4: Probability of cycle slipping as a function of standard deviation of phase error σ∆φ.
4.3 Bandwidth optimisation to minimise cycle slipping
The last section explained how the probability of a cycle slip can be predicted from the
standard deviation of phase error. To minimise the probability of cycle slipping the in-
loop phase error must be kept small. The phase error in a low SNR multi-link GRACE
phasemeter measurement will be dominated by two effects: dynamics of the ‘signal’ (which
itself is dominated by the laser frequency fluctuations) and shot noise. The phasemeter
needs to track the laser frequency in order to be able to cancel laser frequency noise in
post-processing, while minimising the amount of shot noise in the measurement.
This requires a trade-off between noise rejection and tracking ability. The phasemeter
bandwidth must be optimised to reject additive noise while maintaining the ability to
track. A narrow bandwidth will reject shot noise but limit the phasemeter’s ability to
track fast laser frequency fluctuations. A wide bandwidth will be able to track laser
frequency fluctuations but will allow more shot noise to enter the measurement. Shot
noise therefore places an upper bound on the phasemeter bandwidth, while the laser
frequency noise, which typically scales as 1/f2 for free-running or 1/f for a stabilised
source, places a lower bound. The relative level of shot noise increases as the signal power
decreases. At some power level the phasemeter will therefore no longer be able to satisfy
both requirements, losing the ability to track.
Given a signal power and spectrum of laser frequency noise it should be possible to find an
optimum bandwidth to minimise the chance of cycle slipping. In this section optimal band-
widths are derived for phasemeters tracking both free-running and pre-stabilised nonlinear
planar ring oscillator (NPRO) laser frequency fluctuations. These are used to determine
the minimum signal powers that can be tracked for both types of noise.
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4.3.1 Phasemeter bandwidth
The bandwidth of a phase locked loop is quantified by the unity gain frequency. The unity
gain frequency, fug, can itself be calculated from the open loop gain. With a proportional-
integral controller and the frequency to phase conversion that occurs in the NCO, the
open loop gain of the phasemeter will have single and double integrator stages:
G(f) =
k
i2pif
− m
(2pif)2
(4.11)
where k is the gain of the proportional path in the controller and m is the gain in the
integral path.
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Figure 4.5: Frequency response of open loop phasemeter gain. At unity gain the single integrator
stage dominates. The unity gain frequency can therefore be approximated assuming a single
integrator open loop gain.
Integrators are slow to respond to instantaneous changes in the input. Therefore at unity
gain the open loop gain is dominated by the fastest path through the phasemeter. This
allows the open loop gain to be approximated as:
G(f) ≈ k
i2pif
(4.12)
The unity gain frequency is, by definition, the frequency at which the gain |G(f)| = 1.
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The unity gain for a phasemeter with a proportional-integral controller will depend only
on the gain k of the proportional path:
fug =
k
2pi
[Hz] (4.13)
In this equation it is assumed that the phasemeter input has been normalised. If not,
the bandwidth would also depend on the amplitude of the input. By incorporating the
amplitude into the global gain, k, the optimisation problem has been reduced to one
dimension. Although the integrator gain, m, does not affect the bandwidth, it is an
important parameter that determines the stability of the phasemeter. Once an optimal k
has been found, m therefore must be tuned to achieve a stable phasemeter. To maintain a
good phase margin the frequency at which the second stage integrator becomes dominant
is kept at a fixed factor of 23 below the unity gain frequency.
The corner is at the frequency where the integrator and double integrator intersect:
k
2pif
=
m
(2pif)2
(4.14)
Therefore:
fcorner =
m
2pik
(4.15)
For this to be a factor of 23 below the unity gain frequency, for a given k, the integrator
gain:
m = 2−3 · k2 (4.16)
Figure 4.5 shows the frequency response of the open loop gain assuming a unity gain
fug = 1 kHz and a corner fcorner = 125 Hz. In addition to the open-loop gain the figure
also shows the individual integrator stages.
4.3.2 Optimal bandwidth
To reduce the probability of cycle slipping the phase error between the heterodyne beatnote
and numerically controlled oscillator must be minimised. The competing requirements on
the phasemeter bandwidth from shot noise and laser frequency noise are reflected in the
standard deviation of the phase error:
σ∆φ =
√∫ ∞
0
∣∣∣δφ˜SN(f)∣∣∣2 ∣∣∣∣ G(f)1 +G(f)
∣∣∣∣2 df + ∫ ∞
0
∣∣∣δφ˜L(f)∣∣∣2 ∣∣∣∣ 11 +G(f)
∣∣∣∣2 df (4.17)
where δφ˜SN(f) and δφ˜L(f) are the root power spectral density (RPSD) phase spectra of
shot noise and laser frequency noise respectively.
An optimal bandwidth will minimise the contributions of both noise sources. Figure 4.6
shows the standard deviation of phase error as a function of phasemeter bandwidth. Curves
are shown for a number of received powers - 0.1 fW, 1 fW, 10 fW and 100 fW - and
two types of laser frequency noise. The curves were calculated from Eq. 4.17 using the
root power spectral densities of the free-running laser frequency noise, stabilised laser
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Figure 4.6: Standard deviation of phase error due to shot noise and laser frequency noise as a
function of bandwidth. The standard deviation is shown for a number of received powers - 0.1 fW,
1 fW, 10 fW and 100 fW, as well as for two laser noise types - free-running and stabilised. The
free-running laser frequency noise is assumed to have a root power spectral density of 3 × 104 ×
1/f Hz/
√
Hz. The stabilised laser frequency noise is assumed to have a root power spectral density
of 30 Hz/
√
Hz. Dashed lines are shown at σ∆φ = 0.1 cycles/s and σ∆φ = 0.5 cycles/s.
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frequency noise and shot noise given in Eqs. 2.17, 2.18 and 2.22. The free-running laser
frequency noise is assumed to have a root power spectral density of 3×104×1/f Hz/√Hz.
The stabilised laser frequency noise is assumed to have a root power spectral density of
30 Hz/
√
Hz.
Figure 4.6 shows that for narrow bandwidths the limiting noise is clearly the laser frequency
noise, with the curves for the different received powers converging to these limits as the
bandwidth decreases. On the other hand, as the bandwidth increases the shot noise is
the limiting noise. The figure shows that, with a stabilised laser, the minimum standard
deviation at each power level is lower than a free-running laser at the same power. This
confirms the results of McNamara et al. [96] who were able to lock to lower powers when
their lasers were locked to a ULE cavity. The curves were calculated assuming stabilised
lasers with 30 Hz/
√
Hz frequency stability. Figure 4.7 shows that with a 1 Hz/
√
Hz
frequency stability then sub-fW signals could be tracked . Although current LISA designs
only require 300 Hz/
√
Hz [107] and GRACE-FO requires 30 Hz/
√
Hz [12], the DECIGO
mission plans to use a fibre laser with a frequency stability of 0.4 Hz/
√
Hz [108]. If
frequency stabilities of this level can be achieved in a multi-link GRACE then sub-fW
signals could potentially be tracked.
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Figure 4.7: Standard deviation of phase error due to shot noise and laser frequency noise assuming
1 Hz/
√
Hz stabilised frequency noise.
Another advantage of using a stabilised laser is that the controller is able to maintain a
low standard deviation over a wider range of bandwidths. Since free-running noise has a
steeper phase spectra the σ∆φ due to free-running noise will more quickly lose the ability to
track if there are changes in the bandwidth. In Figure 4.6 and Figure 4.7, free-running laser
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noise results in phase error with a standard deviation σ∆φ > 0.5 cycles/s if the bandwidth
is below 400 Hz. With frequency stabilised lasers however the standard deviation of the
phase error is below σ∆φ = 0.5 cycles/s even with bandwidths as low as 100 Hz. The
wide range of usable bandwidths is particularly important in phasemeters in which the
input amplitude is not normalised, as fluctuations in amplitude can cause the bandwidth
to change during tracking. This will be important for applications such as free space laser
communications where signal fading is a significant problem.
At 1, 10 and 100 fW, Figure 4.6 and Figure 4.7 indicate that both free-running and sta-
bilised lasers can be tracked with standard deviations of σ∆φ ≈ 0.1 cycles/s or lower,
corresponding to a probability of approximately 1 cycle slip every 21 days. A 100 at-
towatt (aW) free-running signal can be tracked with a minimum standard deviation of
σ∆φ = 0.3 cycles/s. Using a stabilised laser with a 1 Hz/
√
Hz frequency stability, a
bandwidth less than 100 Hz could be used to track a 10 aW signal with a comparable
standard deviation. It is important to note that at some point the interspacecraft range
will also limit the phasemeter bandwidth. Feedforward correction using a priori knowledge
of the interspacecraft range could be used to reduce the requirements on the phasemeter
bandwidth. Additional analysis will be needed however to model these lower bandwidths.
4.4 Demonstrating bandwidth optimisation in a low SNR
tracking experiment
An experiment was performed to test if the optimal bandwidth analysis from the last
section could be used to track the phase of a fW signal without cycle slipping. Running
two phasemeters in parallel on an FPGA, the phase of a signal was tracked at two different
powers. The higher power measurement was used as a truth measurement. Comparing the
measurements it was possible to determine when the phasemeter tracking the weaker signal
had cycle slipped. The power of the signal beam was then reduced until the phasemeter was
unable to track. The time to first cycle slip was then measured at the lowest optical power
that could be tracked to characterise the performance. In this section the experiment is
described and the implications of the results are discussed.
4.4.1 Low SNR tracking experiment
The bandwidth optimisation was tested in a bench top experiment. A phasemeter was used
to track the phase of a low power signal laser that was interfered with a local oscillator. To
detect cycle slips in the phasemeter a second phasemeter was used to track the same signal
but with a higher signal power at which the probability of cycle slipping was negligible.
Comparing the phase of these two measurements, referred to as the low and high SNR
measurements respectively, revealed when the low SNR phasemeter had cycle slipped.
The experimental setup is shown in Fig. 4.8. Two lasers - a signal and a local oscillator
- were interfered using a beamsplitter. The beatnote intensity was measured at both
output ports of the beamsplitter with identical New Focus 1811 detectors. Both lasers
were free-running ND:YAG NPRO lasers at a wavelength of 1064 nm. Using the piezo
and thermal inputs on the signal laser, the frequency was tuned to bring the heterodyne
frequency within the 20 MHz Nyquist frequency of the FPGA that was used for the signal
processing.
The power of the signal laser was attenuated using a series of neutral density filters. An
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Figure 4.8: Experimental setup for low SNR phase tracking experiment. Measuring the hetero-
dyne phase at both ports of a 95:5 beamsplitter allowed for the direct detection of cycle slips.
asymmetric beamsplitter with a splitting ratio of 95:5 was then used to interfere the two
lasers with 95% of the signal going to the high SNR detector and 5% to the low SNR
detector. The signal in the low SNR path was then attenuated further using additional
neutral density filters. The signal power at the high SNR detector was 16 pW. The local
oscillator power on both detectors was 75 µW. This was sufficient to make both detectors
shot noise limited.
At the low power levels reached in this experiment it was difficult to measure beam power
directly. The power of the signal beam, which was below the minimum detectable power
of the available power meters, was instead inferred from the carrier-to-noise density of the
heterodyne beatnote. The carrier-to-noise was measured using a spectrum analyser and
also calculated on the FPGA using sampled data. Given the local oscillator power was
known, the effective signal power on the detector could be recovered. This measurement
strategy, which was also used to characterise the GRACE-FO acquisition tests [13], was
independently verified at higher power levels.
The pathlengths between the beamsplitter and detectors were macroscopically matched so
that the beatnotes at the two ports of the 95:5 beamsplitter would have the same optical
phase. The paths had to be matched so that the pathlength difference, ∆L, was smaller
than the heterodyne wavelength. Given the heterodyne beatnote was at 10 MHz this
required ∆L < 3 m. The signal power on the high SNR detector was kept sufficiently
high so that the probability of cycle slipping was negligible. In addition to the 95:5 split,
the signal power on the low SNR detector was attenuated further using additional neutral
density filters in the detector path, making the low SNR phasemeter more likely to cycle
slip.
The phase of the low and high SNR beatnotes were measured on an FPGA using two
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phasemeters with independently controlled bandwidths. Both phasemeters used band-
widths found by minimising Eq. 4.17 at their respective signal powers assuming the free-
running NPRO laser noise described by Eq. 2.17. The relative amplitudes of the beatnotes
were factored into the bandwidth calculation. Taking the difference, φdifference(t), between
the high, φhigh(t), and low ,φlow(t), phase measurements:
φdifference(t) = φhigh(t)− φlow(t) (4.18)
allowed cycle slips to be directly detected.
4.4.2 Low SNR phase tracking results
Using a bandwidth of 1.4 kHz, the weakest signal that was tracked without repeatedly
cycle slipping was 30 fW. Figure 4.9 shows the results of a phase measurement at 30 fW.
In Figure 4.9 (a), the phase difference between the low and high SNR measurements is
shown over a 75 second period in a typical phase measurement. The phase difference has
a standard deviation of approximately 0.15 cycles until the 35 second mark when the low
SNR phasemeter slips by one cycle. The phasemeter recovers from the slip however and
continues tracking with an offset of -1 cycle relative to the true phase measured by the
high SNR phasemeter.
In Figure 4.9 (b), the root-power spectral density plot of this phase measurement is shown.
The low and high SNR phasemeter measurements are both dominated by the free-running
NPRO laser noise. Their difference however reveals a white noise floor and a 1/f roll-up.
The white noise floor can be attributed to shot noise in the low SNR measurement. With a
30 fW signal, Eq. 2.22 predicts a shot noise floor in the displacement measurement around
0.422 nm/
√
Hz.
The low frequency roll-up can be explained by the cycle slip. Cycle slipping adds a 1/f
noise to the displacement measurement. The root-power spectral density of the noise is
given by:
δφ˜slip(f) =
1
pif
√
R
2
[
cycles√
Hz
]
(4.19)
where R is the rate of cycle slips per second. This equation was adapted from [102].
The dashed lines in Figure 4.9 (b) show the noise due to cycle slipping corresponding to
two cycle slip rates: 1 slip/s and 0.01 slip/s. Of these, the 1/f noise in the phase difference
is closest to the predicted noise from a slip rate of 0.01 slip/s.
The cycle slip rate was also measured by counting the time until the first cycle slip over
550 separate phasemeter measurements. The cycle slip rate was found by averaging these
measurements to find the mean-time to cycle slip and then inverting. Cycle slips are
known to occur in bursts. Following a cycle slip there is some momentum in the phase
locked loop integrator that means the tracking error is more likely to exceed ±0.5 cycles,
and therefore has a higher probability of cycle slipping again. Cycle slip rate is defined
to be a measure of how frequently the first cycle slip occurs, and therefore repeated cycle
slips were not counted. Following a cycle slip the phasemeter was reset to remove any
hysteresis from the slip.
Figure 4.10 shows a histogram of the measured time to first cycle slip while the low SNR
phasemeter tracks the 30 fW signal. The histogram appears to follow an exponential
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Figure 4.9: Cycle slip in a 30 fW phase measurement. In (a), the difference between the low and
high SNR phase measurements is shown over 75 seconds. 35 seconds into the measurement the low
SNR phasemeter cycle slips, introducing an error of 1 cycle between the high and low SNR phase
measurements. In (b), the effect of this cycle slip is shown in a root-power spectral density plot of
the measured phase. For reference, the predicted noise due to cycle slipping for two different cycle
slip rates, and the shot noise expected in a 30 fW measurement, are shown by the dashed lines.
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distribution with a high probability that the phasemeter will cycle slip shortly after the
phasemeter starts tracking. Given there is a finite probability the phasemeter will cycle
slip as time increases, the probability that a cycle slip has not occurred should decrease.
Which is exactly what the histogram shows. The mean-time to cycle slip was found to be
105 s, giving a cycle slip rate of 0.0095 slip/second. This agrees with the 1/f noise low
frequency noise in Figure 4.9 (b).
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Figure 4.10: Measured mean-time to cycle slip. The mean-time to cycle slip was determined by
measuring the time to first cycle slip over 550 independent cycle slip events. The inset shows an
enlarged portion of the histogram, focusing on cycle slips that occurred within 200 seconds of the
phasemeter acquiring lock.
There is however a discrepancy between the optimal bandwidth model and what was
observed experimentally. Figure 4.4 shows that a standard deviation, σ∆φ ≈ 0.2 cycles/s, is
equivalent to a probability of 0.01 slip/s rate but the optimal bandwidth plot in Figure 4.6
predicts a ∼ 10 fW signal should have a minimum σ∆φ ≈ 0.05 cycles/s if the optimal
bandwidth is used.
The first difference between the model and experiment that could explain this is that a
lower bandwidth was used in the experiment. Figure 4.6 indicates at 10 fW the optimal
bandwidth is 2.3 kHz however a 1.3 kHz bandwidth was used in the experiment. The
reason for this is that at the time the experiment was performed the free-running laser
frequency noise was assumed to be lower with a root-power spectral density:
δν˜free =
2× 104
f
[
Hz√
Hz
]
(4.20)
This is 2/3 the size of the noise in Eq. 2.16. By assuming a lower level of laser frequency
noise the bandwidth optimisation indicated a narrower bandwidth could be used. However
as Figure 4.9 (b) shows, the laser frequency noise was actually closer to Eq. 2.16. With
a 1.3 kHz bandwidth the standard deviation of the phase noise would be higher since the
phasemeter would not be using the optimal bandwidth.
Figure 4.6 shows that with a 1.3 kHz bandwidth the standard deviation when tracking a
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∼ 10 fW signal would be closer to σ∆φ ≈ 0.1 cycles/s. This is still smaller than the phase
error that was measured suggesting that there may be other effects limiting the tracking.
Figure 4.9 (b) again suggests a potential explanation. The level of white noise in the
phase difference is approximately 2 times larger than the shot noise expected at 30 fW.
The source of this higher white noise is unclear. Detector dark noise, ADC quantisation
noise and phasemeter noise were all measured to be well below this level. Regardless, with
a higher white noise in the measurement, the phase error would be higher, increasing the
chance of a cycle slip. This would explain the higher cycle slip rate and why lower signals
could not be tracked.
The higher rate of cycle slips could also be due to fluctuations in the bandwidth. The
bandwidth depends on the amplitude of the signal. To remove this dependence, the
amplitude was normalised using a bitshift in the controller. Not only did the bitshift only
allow for coarse correction of the amplitude1 but it was static and therefore could not
account for fluctuations in the amplitude. As Figure 4.6 shows, if the bandwidth is only
correct to a factor of 2, then fluctuations could cause the standard deviation of phase
error to rise significantly, especially at lower frequencies as the free-running laser noise
dominates. The experiment could benefit from an auto-gain at the input that updates the
corrections used to normalise the amplitude.
Despite the discrepancies between the model and experiment, as far as the author is
aware these tracking results at 30 fW represent the lowest optical signal that has been
tracked to date, with a much lower cycle slip rate than the 40 fW result reported by
Dick et al. [98]. While further experiments should be performed - testing both tracking
with a stabilised laser and a properly characterised free-running laser with an active auto-
gain - the implications of these results are promising for next generation interspacecraft
interferometers that require tracking at powers below those of current designs.
4.5 Chapter summary
To simplify acquisition, a multi-link GRACE interferometer will need to track signals with
low signal-to-noise ratios (SNRs). Tracking the phase of optical signals at sub-picowatt
levels is difficult however because of the incompatible requirements imposed on the phase-
meter bandwidth by the two dominant optical noises: shot noise and laser frequency noise.
This chapter presented an analysis of low SNR phase tracking that aimed to resolve this
risk. Phase noise in a phasemeter can lead to nonlinear behaviour such as cycle slipping.
As the SNR of an optical signal decreases, the phasemeter bandwidth must be narrowed
to reject the higher shot noise, otherwise the phase error will be too high, increasing the
probability of a cycle slip. If the bandwidth is too narrow however then the phasemeter
will be unable to track the laser frequency fluctuations. To optimise the performance of
the phasemeter and reduce the chance of cycle slipping, an optimal bandwidth can be
found by minimising the standard deviation of phase error due to shot noise and laser
frequency noise.
Based on this analysis, a low SNR tracking experiment was performed. Using an optimal
bandwidth, a 30 fW free-running signal was tracked with a cycle slip rate less than 0.01
cycles per second, with no laser pre-stabilisation. The analysis indicated that even weaker
signals could be tracked if the laser frequency was pre-stabilised. This result is of particular
significance for a next generation multi-link GRACE as the design includes plans for laser
stabilisation with a fibre reference.
1The bitshift is only able to change the gain by powers of 2
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Chapter 5
Post-processing suppression of
laser frequency displacement noise
in GRACE
Post-processing noise cancellation is not a new concept in laser interferometry. Time delay
interferometry (TDI) [109] is a post-processing technique developed for the LISA mission
that will be used to suppress laser frequency equivalent displacement noise. Delaying the
one-way measurements made along the three LISA arms with estimates of the interspace-
craft delays, it is possible to synthesise an equal arm length Michelson interferometer,
cancelling the laser frequency displacement noise [110]. While the technique has been
tested in lab based experiments [47, 111–113], it has to date not been demonstrated in
space.
Based on the similarities between the GRACE-FO laser ranging interferometer and LISA
mission concepts, a recent proposal suggested tests of key LISA techniques, including TDI,
could be implemented on GRACE-FO [114]. The LISA Experience of GRACE Optical
Payload (LEGOP) project aimed to develop a plan for testing TDI on GRACE-FO. A
test of TDI on the GRACE-FO laser interferometer would demonstrate the technique
with a macroscopic, time-varying delay. A GRACE-FO TDI experiment is also of interest
to the multi-link GRACE concept. If TDI can be applied on GRACE-FO to suppress
laser frequency displacement noise in post-processing it will validate part of the noise
suppression plan presented in Chapter 3.
The work in this chapter therefore aims to satisfy two goals: the first is to develop a test
of TDI that could be used on GRACE-FO. The second is to demonstrate laser frequency
displacement noise could be cancelled in post-processing in a multi-link GRACE. The
chapter starts with an overview of the LEGOP project. This is followed by an explanation
of TDI in LISA. A proposed TDI test for GRACE-FO is then outlined. Since GRACE-
FO is missing some of the hardware that LISA uses as part of its TDI scheme, the test
requires an algorithm to find the interspacecraft delay. In the second half of the chapter,
the algorithm is explained and then evaluated both in simulation and in an experiment
that was performed at the Jet Propulsion Laboratory during a visit in October 2013.
This chapter is based on the following publication:
S.P. Francis, D.A. Shaddock, A.J. Sutton, G. deVine, B. Ware, R.E. Spero, W.M. Klip-
stein, and K. McKenzie, “Tone-assisted time delay interferometry on GRACE Follow-On,”
Physical Review D 92(1), 012005 (2015).
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5.1 LISA Experience of GRACE Optical Payload
The GRACE-FO laser ranging interferometer is a technology demonstrator with the main
GRACE-FO ranging data to come from the microwave link. In addition to its science run,
the laser ranging interferometer could potentially be used for other tests. LISA Experience
of GRACE Optical Payload (LEGOP) [114] is a project at the Jet Propulsion Laboratory
that aims to develop tests of two LISA techniques for laser frequency displacement noise
suppression that could be performed using the GRACE-FO laser ranging interferometer.
The techniques that could be tested on GRACE-FO are:
1. Arm locking
2. Time delay interferometry
Arm locking and time delay interferometry (TDI) are a vital part of realising the sensitivity
required to detect gravitational waves in LISA, where the laser frequency displacement
noise must be suppressed by over 12 orders of magnitude [115]. Both techniques have been
well studied. Arm locking, which will be used to stabilise the laser frequency by locking
the laser to one of the interferometer arms [66], is not only commonly used in ground-
based gravitational wave detectors [116], but LISA arm locking has been experimentally
demonstrated both optically [117] and with electronic phase delays [118]. TDI for LISA has
been demonstrated optically with metre-scale delays [47], in a hardware-based simulation
with a multi-second delay [111, 112] and has also been used to improve the sensitivity of
fibre strain sensors [113].
As the first interspacecraft laser interferometer, GRACE-FO represents a unique chance
to also test these techniques in space. Testing these techniques on GRACE-FO would
demonstrate arm locking and TDI with a significant, continuously varying delay, retiring
any risk that these techniques will not work on LISA. It is important however that the
tests do not require any hardware changes or impact the science output of the laser ranging
interferometer. The aim is to develop tests that can be deployed on GRACE-FO, after
the main science demonstration, without impacting on the mission. This chapter includes
simulation and experimental results used to develop a test of TDI. Arm locking is not
discussed in this thesis. For a description of a potential GRACE-FO arm locking test the
reader is referred to [119].
5.2 Time Delay Interferometry in LISA
In TDI, complex interferometer configurations can be synthesised from multiple one-way
interspacecraft displacement measurements made between the LISA spacecraft [120]. This
section describes how linear combinations of one-way displacement measurements, with
artificial delays, will be used in LISA to cancel laser frequency displacement noise.
5.2.1 Delaying measurements in post-processing
TDI exploits correlations in the one-way displacement measurements made on each space-
craft to cancel laser frequency displacement noise. The measurements are artificially
delayed using estimates of the optical delays along the interferometer arms. Combin-
ing the measurements, it is then possible to synthesise equal arm length interferometers,
immune from laser frequency displacement noise. With the processing performed oﬄine,
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Figure 5.1: Time delay interferometry example. In (a), laser frequency displacement noise is
measured promptly on the local spacecraft, xL(t), and after a delay on the distant spacecraft,
xL(t − τ). The difference of these two measurements, xL(t) − xL(t − τ), is still sensitive to laser
frequency noise. In (b), with time delay interferometry, the prompt measurement has been delayed
with an estimate, τˆ , of the interspacecraft delay. In the difference, xL(t− τˆ)− xL(t− τ), the laser
frequency displacement noise now cancels completely.
each measurement can be interpolated to a common time-base, removing the effect of
clock noise on the different spacecraft [109].
A simple example of TDI is shown in Figure 5.1. In the example, the laser frequency
displacement noise is measured promptly on the local spacecraft, xL(t). On the distant
spacecraft the same noise is measured but is delayed, xL(t − τ). The delay, τ , corres-
ponds to the time-of-flight along the interferometer arm. In the difference of these two
measurements, xL(t)− xL(t− τ), the laser frequency displacement noise does not cancel.
In Figure 5.1 (b), the prompt measurement has been delayed using an estimate of the
interspacecraft delay, τˆ . If the estimate is correct, the laser frequency displacement noise
will cancel in the difference between the two measurements, xL(t− τˆ)− xL(t− τ).
5.2.2 Laser frequency displacement noise suppression in LISA
LIGO uses a Michelson interferometer with two orthogonal arms to detect the stretching
and compression of passing gravitational waves. The Michelson configuration also makes
the LIGO measurement insensitive to laser frequency noise. With the arms matched to
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Figure 5.2: With time delay interferometry, the 6 one-way LISA arm measurements can be
combined into a synthetic Michelson interferometer with suppressed laser frequency displacement
noise and clock noise.
within a wavelength of each other, laser frequency displacement noise is canceled in the
readout of gravitational waves.
Due to the attenuation along the 1×106 km LISA arms, it is not possible to form a Michel-
son interferometer between the LISA spacecraft. Instead displacement will be measured
along one-way links between adjacent spacecraft. With orbital effects leading to relative
spacecraft velocities on the order of 10 m/s the LISA arms will be unequal with arm length
mismatches anticipated to be as high as 75, 000 km [47].
With such large arm length mismatches, the laser frequency noise will couple into the dis-
placement measurement according to Eq. 2.15. Assuming a pre-stabilised laser frequency
stability of 30 Hz/
√
Hz [64] a 75, 000 km pathlength mismatch would lead to residual laser
frequency displacement noise of ∼ 8 µm/√Hz. This is approximately 6-orders of mag-
nitude larger than the required 1 pm/
√
Hz displacement noise level needed to achieve a
strain sensitivity of 10−23 [121].
Using time delay interferometry the delays in each arm can be matched in post-processing
to synthesise a Michelson interferometer between the spacecraft as shown in Figure 5.2. In
the figure the 6 one-way displacement measurements are combined using artificial delays to
cancel the laser frequency displacement noise and clock noise of each spacecraft. With the
6 displacement measurements, other interferometer configurations can also be synthesised
such as a Sagnac [122].
5.2.3 Determining the interspacecraft delay
To achieve the required laser frequency displacement noise suppression the time-varying
delays, τi(t), between the LISA spacecraft need to be known accurately. Given an error
in the interspacecraft delay estimate of ∆τ , fractional laser frequency noise, δν˜(f)/ν0,
will result in residual laser frequency equivalent displacement noise, δx˜ResL(f), with a
root-power spectral density:
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δx˜ResL(f) = c∆τ
δν˜
ν0
[
m√
Hz
]
(5.1)
for speed of light c. For LISA to achieve a frequency noise limited measurement sensitivity
of 1 pm/
√
Hz using a pre-stabilised laser with fractional stability δν˜/ν0 = 10
−12, an error
∆τ < 3 ns is required.
As discussed in Chapter 2, the heterodyne phasemeter measurement that will be used to
infer the displacement between the LISA spacecraft is sensitive to relative displacement
between the spacecraft, but is insensitive to the absolute separation. Therefore in order
to determine the time of flight delay between spacecraft, to the required precision for the
time delay interferometry combination, LISA requires a dedicated auxiliary laser ranging
system.
In LISA, ranging will be performed by modulating the phase of the transmitted beam with
pseudo random noise [57]. Like the DEHI scheme discussed in Chapters 2 and 3, the delay
can be determined by cross-correlating the measured signal on the distant spacecraft with
a locally generated copy of the code. As the relative velocities of the spacecraft change,
the delay measured along each arm will change as a function of time. A delay locked loop
can be combined with the cross-correlator to continually track these changes in the delay.
While the delay is dominated by the time of flight along the interspacecraft link, it is also
affected by the difference between the clocks on each spacecraft. The time of flight delay
is straightforward, introducing a delay L/c for arm length L and speed of light c. The
effect of clock difference is more subtle but can be due to differences in synchronisation
between spacecraft clock start times as well as frequency and sample jitter. The different
sampling times can however be corrected for in post-processing using fractional delay
interpolation [109].
It is also possible to determine the delays needed for time delay interferometry using the
time delay interferometry combinations themselves. This technique, called time delay
interferometric ranging [67], uses optimisation algorithms to minimise the RMS noise in
time delay interferometry combinations, formed with estimates of the delay, in order to
determine the true delay. By using time delay interferometry combinations, time delay
interferometric ranging avoids the need for a direct measurement of the inter-spacecraft
range. This procedure has been shown to produce a delay estimate for LISA that canceled
the laser frequency displacement noise to a level below the other sources of noise.
5.3 Time delay interferometry on GRACE-FO
Although there exist many similarities between the LISA and GRACE-FO laser inter-
ferometers, there are some differences that mean a GRACE time delay interferometry
experiment will be different to the example discussed in the preceding section. The main
differences are:
Laser frequency displacement noise suppression
GRACE-FO only has one interferometer arm, while LISA has three. With
only two one-way measurements it is not possible to synthesise a Michelson
interferometer to cancel laser frequency equivalent displacement noise. Instead,
the laser frequency contributions of only one laser will be able to be canceled.
Therefore cavity stabilization will be needed for at least one of the lasers.
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Figure 5.3: Time delay interferometry can be used on GRACE-FO to recover a round-trip dis-
placement measurement between the spacecraft with the same sensitivity as the baseline phase
locked measurement. In this configuration, laser frequency displacement noise from spacecraft 2
(SC2) will be suppressed by adding the two one-way displacement measurements with an appro-
priate delay.
Interspacecraft delay determination
LISA requires a dedicated laser ranging system to determine the absolute in-
terspacecraft delay needed to perform time delay interferometry. This ranging
system requires the laser links to be phase modulated with MHz bandwidth sig-
nals using an electro-optic modulator (EOM). The GRACE-FO laser ranging
interferometer does not have an EOM in its output beam path and is therefore
unable to use pseudo random noise ranging to determine the delay. Time delay
interferometric ranging will instead be used to determine the delay.
With these differences in mind, the goal of the proposed GRACE-FO TDI test will be to
recover the round-trip displacement with phase locking disabled. It is important to note
however that some low-bandwidth phase locking will still be needed to keep the heterodyne
beatnote within the detector bandwidth. Figure 5.3 shows the proposed test of time delay
interferometry on GRACE-FO.
5.3.1 Substituting phase locking with time delay interferometry
The aim of the proposed GRACE Follow-On time delay interferometry test is to replace
phase locking with time delay interferometry, and recover the same (or better) displace-
ment sensitivity. In this scheme the one-way displacement measurements will be combined
in post-processing with an appropriate delay to match the light propagation time between
spacecraft. This is similar to the measurement strategy used in both the GRACE and
GRACE-FO microwave ranging instruments [24].
Figure 5.4 shows the optical configuration that will be used for the test. The laser on the
master spacecraft is pre-stabilised by locking the laser frequency to the on-board reference
cavity. The laser on the slave spacecraft is effectively free-running, with the slave spacecraft
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Figure 5.4: Optical configuration in GRACE-FO time delay interferometry test. In the proposed
GRACE time delay interferometry experiment the phase locking on the slave spacecraft is disabled.
The aim is to form a round-trip combination of the one-way master and slave displacement meas-
urements, xM(t) and xS(t) respectively, that cancels the free-running laser frequency displacement
noise from the slave laser.
operating with weakened phase locking, aiming to only maintain optical beatnotes within
the MHz bandwidth of the phasemeter.
On each spacecraft phasemeters will be used to measure the interspacecraft displacement.
The one-way displacement measurements are shown in Figure 5.4. The master and slave
displacement measurements are labelled xM(t) and xS(t) respectively. In addition to the
interspacecraft displacement, each measurement will have a prompt measurement of the
local laser and a delayed measurement of the distant spacecraft laser. The figure shows
the effect of the delay τ on the measurements of the master xML(t) and slave xSL(t) laser
displacement noise.
The one-way interspacecraft displacement measurements will be dominated by the laser
frequency noise of the free-running slave laser. Fortunately, this noise is highly correl-
ated between the two measurements, allowing the noise to be suppressed in a time delay
interferometry combination.
5.3.2 GRACE-FO TDI combination
The following time delay interferometry combination can be used to suppress the free-
running slave laser noise:
xRT(t) = xM(t)− xS(t− τˆ) (5.2)
where xRT(t) is the round-trip displacement and xM(t) and xS(t) are the displacements
measured on the master and slave spacecraft respectively. The slave displacement meas-
urement is delayed by the estimated interspacecraft delay τˆ .
From Figure 5.4, the one-way displacement measurements will be of the form:
xM(t) = xML(t)− xSL(t− τ)− xR(t), (5.3)
xS(t) = xML(t− τ)− xSL(t) + xR(t), (5.4)
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where xML(t) and xSL(t) are the displacement equivalent noise of the master and slave
lasers. To simplify the analysis it is assumed light from both spacecraft measure the same
delay τ ≈ 0.6 ms under the assumption that relative spacecraft velocities are sufficiently
small (∼ m/s) compared to the time of flight. In Section 7.2.2 it is considered if this
assumption is valid.
To verify that this combination will suppress the free-running laser phase noise Eq. 5.3
and Eq. 5.4 are substituted into Eq. 5.2 to give:
xRT(t) = xML(t)− xML(t− τ − τˆ)︸ ︷︷ ︸
stabilised
−xSL(t− τ) + xSL(t− τˆ)︸ ︷︷ ︸
free-running
−xR(t)− xR(t− τˆ)︸ ︷︷ ︸
displacement
(5.5)
If the estimated delay is correct, τˆ = τ , then the contribution from the free-running slave
laser will cancel. The round-trip TDI combination then includes a differential measurement
of the stabilised master laser and a round-trip displacement signal with two passes along
the interspacecraft arm. This is precisely the form of a phase locked measurement in
GRACE-FO.
Any error in the estimated delay, τˆ , will introduce residual free-running laser noise into the
round-trip displacement measurement according to Eq. 5.1. To achieve its design sensitiv-
ity, GRACE-FO requires residual laser frequency displacement noise is below xResL(f) =
30 nm/
√
Hz [61]. This means a maximum uncertainty of 6 ns in the delay can be tolerated,
if a frequency stability of δν˜(f)/ν = 10−10/f × 1 Hz is assumed. This 6 ns uncertainty is
equivalent to a range uncertainty of approximately 2 m. Therefore the separation between
the spacecraft has to be estimated to within 2 m of the actual separation.
5.3.3 Estimating the GRACE-FO interspacecraft delay
To suppress the free-running laser frequency equivalent displacement noise below 30 nm/
√
Hz,
GRACE-FO will need an accurate estimate of the interspacecraft delay. Although GRACE-
FO will possess an on-board GPS system, for the purposes of this work the on-board GPS
knowledge is neglected because: 1) It is not representative of the LISA instrument; and
2) It does not measure the relevant delays in the displacement measurement chain. Since
GRACE-FO does not have an EOM in the path of the transmitted laser it is also not pos-
sible to determine the range using the same pseudo random ranging technique as LISA.
Instead it is proposed that time delay interferometric ranging (TDIR) can be used to
determine the interspacecraft delay.
Figure 5.5 compares the displacement noise from free-running and stabilised lasers with the
interspacecraft range signal over the GRACE-FO measurement band. The free-running
laser displacement noise is modeled using Eq.2.16 and the stabilised laser displacement
noise is modeled using Eq.2.18. The GRACE interspacecraft displacement signal is re-
covered from 4 days (1-4 Jan 2012) of actual GRACE microwave measurement data [27].
The 30 nm/
√
Hz residual laser frequency requirement is also shown.
In time delay interferometric ranging (TDIR) the laser frequency displacement noise is sup-
pressed by finding the delay, τ , that minimise the RMS noise calculated across the meas-
urement band. To reach the 30 nm/
√
Hz residual laser displacement noise requirement,
the free-running noise needs to be suppressed by 8 orders of magnitude. As Figure 5.5
shows however, the RMS calculated across the measurement band will be dominated by
the interspacecraft range once the free-running laser noise has been suppressed by around
5 orders of magnitude.
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Figure 5.5: Time delay interferometric ranging (TDIR) in GRACE-FO. Displacement root-power
spectral density curves are shown for free-running laser noise, stabilised laser noise and interspace-
craft displacement over the GRACE band. The dashed line shows the required residual laser noise.
Additional curves show the residual free-running and stabilised laser noise assuming a delay error of
∆τ = 0.1 ms. The residual free-running laser noise is 3 orders of magnitude above the requirement,
but is masked by the displacement signal.
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Figure 5.6: RMS displacement across the GRACE-FO measurement band. The RMS displace-
ment is shown as a function of the delay error, ∆τ . If the error is below ∼ 0.1 ms then the RMS
is dominated by the interspacecraft displacement signal. Changing the delay therefore does not
affect the RMS displacement.
Figure 5.6 shows the RMS displacement calculated across the measurement band as a
function of error in the estimated delay, ∆τ . Below ∼ 0.1 ms the RMS displacement
is dominated by the interspacecraft displacement signal and is insensitive to changes in
the delay estimate. At 0.1 ms an RMS ≈ 1223.099 m is expected. Below 0.01 ms the
RMS is ∼ 37 pm below this value and no longer changes as the delay error decreases.
Unfortunately a TDIR scheme based upon RMS minimisation of the free-running laser
noise is therefore unfeasible. Instead, a TDIR variant, tone assisted TDIR [123], can be
used.
5.3.4 Tone assisted TDIR algorithm
In tone assisted TDIR, the free-running laser is frequency modulated to provide a sig-
nal with a high signal-to-noise ratio for minimisation. Figure 5.5 shows a 90 mHz tone
modulated onto the free-running laser frequency. Instead of minimising the RMS noise
across the measurement band, tone assisted TDIR minimises the power of the tone. The
frequency modulation appears in the displacement measurement as laser frequency noise,
hence the free-running laser frequency displacement noise will be suppressed by the same
amount as the tone.
Figure 5.7 outlines the minimisation algorithm used to find the delay that minimises the
free-running laser frequency equivalent displacement noise in the round-trip TDI combin-
ation. In the algorithm the spacecraft displacement measurements, xM(t) and xS(t), are
combined using Eq. 5.2 and an initial ‘best-guess’ of the time-varying spacecraft delay:
τˆ(t) = τˆ0 + δτˆ(t) (5.6)
where τˆ0 is an estimate of the absolute spacecraft delay and δτˆ(t) is an estimate of the
time varying component of the delay.
While the phasemeter is unable to measure absolute range, it can track the change in
separation, xR(t), with high precision. The time varying component of the delay, δτˆ(t),
can be estimated from the spacecraft displacement measurements, xM(t) and xS(t), using
a simple combination:
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Figure 5.7: Algorithm for tone assisted TDIR demonstration. Tone assisted TDIR uses an it-
erative process to minimise the laser frequency displacement noise in a TDI combination. The
time-varying delay, τˆ(t), is initially estimated using phasemeter measurements, xM(t) and xS(t),
to approximate the time varying component, δτˆ(t), and a ‘best-guess’ of the static delay, τˆ0, corres-
ponding to the range ambiguity. With this initial delay estimate the round-trip TDI combination,
xRT(t), is formed. The delay estimate is evaluated using an FFT to find the power of the residual
tone. The static delay estimate, τˆ0, is then updated using a least-squares fitting algorithm until the
tone in the TDI combination is minimised. The algorithm outputs a round-trip TDI combination
with minimised laser frequency displacement noise.
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δτˆ(t) =
xM(t)− xS(t)
2c
≈ 2xR(t)
2c
=
xR(t)
c
(5.7)
for speed of light c.
Given xR(t) is the displacement inferred from the phasemeter, it is unfortunately heavily
biased by the unknown initial range separation between the spacecraft. It is additionally
affected by systematic errors, which enter the displacement measurement as delays. These
systematic errors are discussed in more detail in the next section. The time varying
estimate, δτˆ(t), does however provide a good estimate of the higher order range trends.
A least-squares fitting algorithm can be used to resolve the range ambiguity. An FFT is
used to measure the power of the tone in the round-trip combination using different delay
estimates, τˆ0. The algorithm updates the delay estimate, τˆ0, until the power of the tone
is minimised. This is a 1-dimensional optimisation problem.
As an alternative, the TDIR algorithm could be combined with a more sophisticated
orbital model to find the ‘best-guess’ of the time-varying spacecraft delay. Rather than
a 1-dimensional search as has been described, a higher dimension search could be used.
For the purpose of this implementation though, the orbital fluctuations were found to
be sufficiently low in frequency that this simple delay approximation met the ranging
requirements.
The performance of tone assisted TDIR will ultimately be limited by the signal-to-noise
ratio of the tone. Therefore the tone needs to be added at a frequency with relatively
low displacement noise. Fortunately in GRACE-FO, modulating the laser above the 30
mHz cross-over between the interspacecraft displacement and white oscillator noise floor
visible in the GRACE microwave ranging spectra in Figure 5.5, provides good SNR and
is outside the frequency band dominated by the spacecraft dynamics.
The 90 mHz tone in Figure 5.5 was chosen because of its high SNR. Although the mi-
crowave data has a thermal noise floor of ∼ 1 µm/√Hz at 90 mHz the GRACE-FO laser
interferometer is expected to have a noise floor closer to 1 nm/
√
Hz, improving the SNR.
A large modulation depth can also be used to ensure that the tone is clearly visible above
the laser’s free-running laser noise, allowing the frequency-noise to be further suppressed
in the TDIR processing.
The frequency and modulation depth of the tone will therefore determine the accuracy of
the delay estimate found using tone assisted TDIR. Assuming the tone is suppressed to
the displacement noise floor, the minimum delay error achievable in tone-assisted TDIR
is [123]:
∆τtone =
2δx˜(ftone)
λνtone
√
Tfs
[s] (5.8)
where ftone is the frequency of the TDIR tone, δx˜(f) is the link displacement noise, λ is
the wavelength, ∆νtone is the modulation depth of the tone, T is the averaging time and
fs is the sampling frequency.
5.4 Simulating tone assisted TDIR for GRACE-FO
The tone assisted TDIR algorithm was developed under simulated GRACE-FO conditions.
In this section the results of these simulations are presented as well as some investigations of
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how the displacement sensitivity changes as a function of the various algorithm parameters.
5.4.1 Testing the tone assisted TDIR algorithm
One-way interspacecraft displacement measurements were simulated using laser frequency
noise, shot noise and a displacement signal representative of those expected in the GRACE-
FO laser ranging interferometer. The injected tone, used in the tone-assisted ranging, was
added at 90 mHz with a modulation depth of 2.5 MHz. This was chosen to give good
clearance over the other signals in the displacement spectrum and at a frequency where
the ranging signal had begun to roll-off so it therefore would not disrupt the science
measurement.
The interspacecraft range was simulated by fitting a model to the GRACE microwave
range data [27] using a sampling rate of 200 mHz. The simulated range includes the
effects of the orbital dynamics of the spacecraft, with harmonics of the orbital period
(0.18 mHz), as shown in Fig. 5.5, and is free of the 1 µm/
√
Hz microwave thermal noise
which would have otherwise impaired the tone minimisation.
In the simulation the initial range between the spacecraft was also varied over (200 ±
100) km to simulate the initial range ambiguity between the spacecraft. The one-way
spacecraft measurements were formed using Eq. 5.3 and Eq. 5.4. The simulated GRACE
range model was used as the time varying component of the interspacecraft delay, which
was applied to the relevant laser frequency displacement noise terms using fractional delay
filtering [124]. Table 5.1 summarises the simulation parameters.
Table 5.1: Tone assisted TDIR simulation parameters
Parameter Value Units
Sampling frequency 200 mHz
Free-running laser
frequency noise
3× 104 × 1/f Hz/√Hz
Stabilised laser
frequency noise
30 Hz/
√
Hz
Laser wavelength (λ) 1064 nm
Spacecraft range
ambiguity
100 m
Tone modulation
frequency
90 mHz
Tone modulation depth 2.5 MHz
Single link shot noise 1 pm/
√
Hz
Data length 5× 105 s
Figure 5.8 (a) shows the root-power displacement spectra from a simulated test of the tone
assisted TDIR algorithm. The one-way displacement measurements, xM(f) and xS(f), are
both dominated by free-running laser noise although the TDIR tone can be seen at 90 mHz
and the largest of orbital dynamic resonances can be seen at low frequencies.
The two measurements, xM(f) and xS(f), are combined using Eq. 5.7 to estimate the
time varying component of the interspacecraft delay. Assuming the absolute separation
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is 200 km, such that τˆ0 ≈ 0.67 ms, the delay is approximated using Eq. 5.6. Applying
this delay to the one-way displacement measurements using Eq. 5.2 results in the initial
round-trip TDI combination, xRT,0(f). This is an initial guess at the laser frequency equi-
valent displacement noise suppression and as Figure 5.8 (a) shows still has laser frequency
displacement noise 3 orders of magnitude larger than the requirement.
This first attempt was improved upon by applying the tone assisted TDIR algorithm.
In the tone assisted TDIR algorithm the delay estimate,τˆ0, was optimised by attempting
to minimise the power in the injected 90 mHz tone. The TDI combination, xRT(f), was
formed using the ‘best-guess’ of the time varying delay that minimised the tone power. The
measurement is however dominated by the range signal. In order to determine the residual
laser frequency displacement noise the modeled range signal is subtracted. Figure 5.8
(a) shows the residual laser frequency displacement noise, xRT,ResL(f), in the round-trip
combination. The residual laser frequency displacement noise is ∼ 9 orders below the
free-running displacement noise in the one-way measurements, reaching the laser residual
requirement of 30 nm/
√
Hz.
To confirm that the phase locking requirement is also met, the laser frequency displacement
noise residuals in a TDI combination, xRT(f), using the actual simulated delay were
subtracted from the ‘best-guess’ residuals in xRT,ResL(f). The residual displacement noise
in the trace xRT,ResD(f), in Figure 5.8 (a), shows the ‘best-guess’ satisfies the phase locking
requirement of 1 nm/
√
Hz.
The performance of the tone assisted TDIR algorithm can be evaluated from Figure 5.8 (b).
The figure shows an enlarged portion of the RPSD around the 90 mHz TDIR tone. In the
one-way measurements, xM(f) and xS(f), the tone has a displacement equivalent noise of
1.7×102 m/√Hz. In the first round-trip TDI combination, xRT,0(f), the tone is suppressed
to 3.5 × 10−2 m/√Hz. When an optimal delay is used the tone is suppressed down to
the level shown in the traces labeled xRT(f) and xRT,ResL(f). This is approximately
10−7 m/
√
Hz, almost 9 orders of magnitude below the initial level.
5.4.2 Investigating the effect of varying parameters in the tone assisted
TDIR algorithm
The simulation was used to investigate the effect of varying different parameters in the
tone assisted TDIR algorithm. The effect of varying both the length of data and the tone
modulation depth were investigated in the simulation by measuring how the RMS error
in the range estimate changed.
The data length affects the frequency resolution of the FFT. Reducing the data length
increases the size of the FFT frequency bins. This will decrease the visibility of the injected
TDIR tone above the noise, potentially limiting the accuracy of the estimated delay found
by the algorithm. The trade-off is that the time required for the optimiser to minimise
the power in the TDIR tone will increase as the data length increases. Although not
a problem in the 1-dimensional optimisation algorithm presented in this chapter, if the
optimisation algorithm is used to fit an orbital model to the time-varying spacecraft delay,
the data length will dictate the number of parameters that need to be estimated in the fit.
Fitting a model to the time-varying delay over several orbital periods requires a higher
order polynomial fit than would be required over a short window. If short windows are
used, although a low order polynomial fit will be sufficient, multiple optimisations will
need to be performed in order to match the data length of a long window. This problem
will need to be analysed more to determine if there is an optimal data length.
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Figure 5.8: Suppression of laser frequency displacement noise in simulated tone assisted TDIR.
In (a), a root-power spectral density plot shows the results of a simulated tone assisted TDIR
experiment. The simulation was performed over 5 × 105 s with a sampling rate of 200 mHz.
The following traces are shown: Master spacecraft displacement measurement xM(f); Slave space-
craft displacement measurement xS(f); Round-trip TDI combination formed using initial guess
at delay xRT,0(f); Residual laser displacement noise in round-trip TDI combination formed using
‘best-guess’ of the delay xRT,ResL(f); and Phase locking residual displacement noise in round-trip
TDI combination formed using ‘best-guess’ of the delay xRT,ResD(f). For comparison the required
GRACE-FO displacement sensitivities are shown for residual laser frequency displacement noise
and phaselocking noise. In (b) an enlarged portion of the root-power spectral density plot demon-
strates the suppression of the TDIR tone.
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Using a larger modulation depth increases the signal-to-noise ratio in the FFT, allowing
the algorithm to suppress the laser frequency displacement noise down to a lower level.
There is of course a practical limit as larger modulation depths cannot realistically be
applied to a laser frequency.
The range estimate used to minimise the laser frequency displacement noise in the round-
trip TDI combination shown in Figure 5.8 (a) can be seen in Figure 5.9. The simulated
range signal is shown with the fitted range in (a). In (b), the difference between the fitted
range and the simulated range is shown.
In Figure 5.9 (a), on the scale of the orbital oscillations it is difficult to discern any
difference between the fitted range and the simulated range. In their difference though it
can be seen that the two ranges do vary. However, the range found by the tone assisted
TDIR algorithm is clearly within ±2 m of the true range and therefore meets the timing
requirements for the proposed GRACE-FO TDI experiment. The error clearly has a
periodic structure with an RMS of ± 0.015 m, offset from zero. The periodic structure
of the error signal is due to the orbital period in the simulated range, with the regions
where the error is largest clearly correlated with where the orbital period has the highest
derivative.
The same measurement was repeated using different modulation depths and code lengths.
The RMS error in the range estimate is shown in Figure 5.10 as a function of code length.
The separate traces show the RMS range error assuming different modulation depths.
Each data point is the average RMS error over 25 independent simulation runs. The figure
shows that for data sets shorter than 4000 samples (5.6 hrs) the TDIR algorithm fails to
meet the ranging requirements using the specified modulation depths. This is because the
accuracy of the least-squares fitting algorithm is dependent on the resolution of the tone in
the FFT, which scales inversely with length. With data lengths greater than 4000 however
the majority of the modulation depths that were used meet the ranging requirement of
2 m.
The simulation demonstrated the viability of tone assisted TDIR under GRACE-FO condi-
tions. Further, the additional tests showed the algorithm can meet the timing requirements
under a variety of conditions demonstrating the robustness of the algorithm.
5.5 Experimental demonstration of tone assisted TDIR
An experimental demonstration of tone assisted TDIR under GRACE-like conditions was
performed at the Jet Propulsion Laboratory using the LISA Interferometry Testbed [47,
123, 125]. The aim of the experiment was to use the tone assisted TDIR algorithm to
determine a static optical delay to within an error of 6 ns in order to ensure the residual
free-running laser frequency displacement noise in the round-trip combination would be
below the GRACE-FO phaselocking requirement.
5.5.1 Modifying the LISA testbed for a GRACE-FO demonstration
The LISA testbed was constructed at the Jet Propulsion Laboratory for testing TDI
and arm locking [47, 123, 125]. The testbed consists of two ultra low expansion (ULE)
glass benches, representative of two LISA spacecraft with multiple heterodyne frequencies,
multiple phase measurements and independent clocks. Each bench is housed in vacuum,
with the vacuum tanks connected by fibre to replace the interspacecraft link.
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Figure 5.9: Error in the range fit from simulated tone-assisted TDIR. The fitted range used to
form the TDI combinations in Figure 5.8 is shown in (a). The range error, found by subtracting
the known range from the fitted range, is plotted in (b). The range error is an order of magnitude
below the ±2 m requirement of the proposed GRACE-FO TDI experiment.
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Figure 5.10: Relationship between data length, modulation depth and range error in tone-
assisted TDIR. The RMS range error can be seen to decrease as the data length increases or as the
modulation depth is increased. For reference the 2 m RMS ranging requirement needed to meet
the timing requirements for a GRACE-FO TDI demonstration is shown. It can be seen that it is
possible to meet this requirement for a number of data lengths and modulation depths.
The testbed had to be modified to more accurately represent the GRACE-FO optical
measurement. The master and slave spacecraft were simulated on the same ultra-low
expansion (ULE) bench as shown in Figure 5.11.
Each spacecraft consists of a 1064 nm laser, detector, beamsplitter and cavity. The mas-
ter laser was locked to its cavity to stabilise the laser to approximately 30 Hz/
√
Hz at
0.1 Hz [12, 126]. The free-running slave laser had a 0.85 Hz sinusoid with a 550 kHz
peak-to-peak amplitude added to the fast actuator of the laser. This provided the tone
used in the tone assisted TDIR.
Three detectors are shown in Figure 5.11, measuring the master and slave displacement
signals, xM(t) and xS(t), as well as a prompt measurement of the laser frequency dis-
placement noise, x0(t). The third measurement was used to construct an additional TDI
combination, α(t), that suppressed all residual laser frequency displacement noise, to re-
veal the measurement noise floor.
In the interspacecraft link between the two ‘spacecraft’, a 30 m fibre was added to provide
a macroscopic delay. This corresponds to an optical path length of ≈ 45 m. A sinusoidal
signal was also injected in the interspacecraft link to emulate the GRACE-FO displacement
signal. The details of this signal injection are shown in Figure 5.12.
5.5.2 Emulating GRACE-FO displacement in modified LISA testbed
As Figure 5.12 shows, the displacement signal was injected using the lasers and detectors
on a second ULE bench. A phaselocking scheme was derived that locked the lasers on the
second bench to the lasers coming from the first bench. This scheme is similar to that
proposed for the Sagnac interferometer operation of LISA [122].
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Figure 5.11: Optical layout of the benchtop tone assisted TDIR experiment. Using one of the
ultra low expansion (ULE) glass benches from the LISA testbed it is possible to make a folded
version of the GRACE-FO laser ranging interferometer. In addition to the two displacement
measurements on the master and slave spacecraft, xM(t) and xS(t), a third detector is used to
make a prompt measurement of the laser frequency displacement noise, x0(t). This allows the α(t)
combination to be formed, a TDI combination revealing the residual laser frequency displacement
noise below the pathlength and displacement signal. The 30 m fibre is used to add a delay between
the master and slave spacecraft. The interspacecraft displacement is emulated using optics on an
additional bench with the details explained in Figure 5.12.
91
5.5 Experimental demonstration of tone assisted TDIR
displacement
laser 1
PM
PM
FPGA
optics to emulate
spacecraft separation ULE Bench
xML(t)
xSL(t-τ) + xR(t)
xML(t)
xSL(t-τ)
+
+
PM
+
+
displacement
laser 2
to 
GRACE-FO
testbed
xD1(t)
xD0(t)
xD2(t)
xR(t)
-
Figure 5.12: Details of the displacement signal injection. Three optical phase measurements are
combined via two phaselocking algorithms to transform the second bench into a transponder of the
master and slave beams. A tone is injected into the phaselocking to simulate the large GRACE-FO
displacement signal.
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The aim of the displacement signal injection is to inject a displacement signal, xR(t). This
is achieved by adding the signal at the error-point of the phase locked loop. Note that the
displacement signal is added to only one of the lasers. This is because the added 30 m fibre
delay would otherwise cause the two detectors to measure the displacement at different
times.
In Figure 5.12 there are again three detectors. Using phasemeters the following displace-
ment measurements were made:
xD0(t) = xML(t)− xDL1(t) (5.9)
xD1(t) = xDL1(t)− xDL2(t) (5.10)
xD2(t) = xDL2(t)− xSL(t− τ) (5.11)
where xML(t) and xSL(t) are the displacement equivalent master and slave laser frequency
noise respectively from the lasers on the ‘GRACE-FO testbed’ shown in Figure 5.11. The
delay due to the 30 m of fibre is denoted τ . xDL1(t) and xDL2(t) represent the laser
frequency displacement noise from displacement laser 1 and displacement laser 2. The
laser frequency hierarchy fM > fD1 > fD2 > fS is assumed.
Using the combinations shown in Figure 5.12 the two lasers on the displacement injection
bench are phase locked to the master and slave laser, adding the displacement signal to
the slave laser. The lasers sent to the ‘GRACE-FO testbed’ then have displacement noise
equivalent to:
xDL1(t) → xSL(t− τ) + xR(t) (5.12)
xDL2(t) → xM(t) (5.13)
(5.14)
5.5.3 TDI Combinations in the modified LISA testbed
Three displacement measurements are made on the ‘GRACE-FO testbed’: xM(t), xS(t)
and x0(t). The interspacecraft measurements are as follows:
xM(t) = xML(t)− xSL(t− τ) + xpath(t) + xR(t) (5.15)
xS(t) = xML(t− τ) + xSL(t) + xpath(t) (5.16)
where xML(t) and xSL(t) are the displacement equivalent master and slave laser frequency
noise respectively, xR(t) is the injected displacement signal and xpath(t) is due to displace-
ment noise in the optical fibre and motion of the optomechanics which is mostly thermally
driven.
In addition to the optical delay, which is dominated by the 30 m of optical fibre, there
is a significant delay in the detection electronics from the photodetectors and cables. In
these equations the delay τ is used to account for the combination of all of these delays.
In practice the delay of each detector is different however, so each of the delays needs to
be individually found.
With the two one-way displacement measurements a round-trip combination can be formed
that cancels the free-running noise of the slave laser:
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xRT(t) = xM(t)− xS(t− τˆ) (5.17)
where τˆ is a static delay estimate that needs to account for the optical pathlength delay
as well as the difference in the electronic delays between the detectors.
The additional channel, denoted x0(t), is a prompt measure of the laser frequency dis-
placement noise of the two lasers:
x0(t) = xML(t)− xSL(t) (5.18)
This measurement has negligible path-length displacement since the master and slave laser
are mounted on the same ULE bench. Therefore with this measurement of the laser noise
it is possible to construct an additional TDI combination, the Sagnac variable α [47, 110,
122], which can be used to evaluate the performance of the round-trip TDI combination.
Modifying the Sagnac variable slightly, subtracting off a measurement of the injected
displacement signal xR(t), provides an estimate of the residual noise in the round-trip
TDI combination without it being obscured by the displacement signal:
xα(t) = xM(t) + xS(t)− x0(t)− x0(t− 2τˆ)− xR(t) (5.19)
Without the displacement signal it is possible to get an upper bound on the error in the
delay found using the tone assisted TDIR algorithm. In this combination the path length
noise due to the fibre and other common optics, xpath(t), is canceled but the free-running
laser frequency displacement noise will couple with the same error as in the round-trip
combination xRT(t).
5.5.4 Results of experimental tone-assisted TDIR test
The tone assisted TDIR algorithm was applied to measurements taken using the modified
LISA testbed. The results are shown in Figure 5.13. The figure shows root power spectral
densities of the displacement signals: xM(f), xRT(f), xRT,0(f) and xα(f).
The master spacecraft displacement measurement xM(f) is the difference of the master
and slave lasers displacement noise, which is dominated by the free running noise of the
slave laser, plus the TDIR tone at 0.85 Hz.
The trace labeled xRT,0(f) is the round trip combination formed assuming no delay (τˆ = 0).
Laser frequency noise coupling is visible between 0.01 Hz and 0.1 Hz, as well as the 0.85
Hz tone, but the displacement signal at low frequencies xR(t) dominates the spectrum.
The TDIR algorithm can be used to find the delay due to the optical pathlength and
electrical delays. Using this delay the round trip combination xRT(f) is formed, minimising
the laser frequency displacement noise across the measured spectrum. The improvement
is clear at the 0.85 Hz tone frequency which has been reduced by more than 8 orders of
magnitude compared with xM(f). However the large pathlength noise in the round-trip
link has a noise floor too high to verify the residual laser frequency displacement noise is
below the required 1 mcycle/
√
Hz×NSF(f) level.
The pathlength noise and displacement signal were removed by forming the α combination.
The residual noise is shown in the trace labeled xα(f). The alpha combination can be seen
to be below the phaselocking requirement, therefore providing experimental verification
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Figure 5.13: Suppression of laser frequency displacement noise in benchtop TDIR experiment.
The displacement root power spectral density plot for various TDI data combinations. The traces
are as follows: Master spacecraft displacement measurement xM(f); Round trip TDI combination
formed without delay xRT,0(f); Round trip TDI combination formed using optimal delay from
tone assisted TDIR algorithm xRT,0(f); and The α combination xα(f). The α combination shows
however that the residual laser frequency displacement noise is at the level of the 1 nm/
√
Hz
GRACE-FO phase locking requirement.
that the tone assisted TDIR technique works at the required 6 ns level and in the presence
of a large displacement signal.
5.6 Chapter summary
The LISA Experience of GRACE-FO Optical Payload (LEGOP) project proposes to de-
velop tests of arm locking and time delay interferometry (TDI) that may be implemented
on GRACE-FO without modifying the existing hardware or interfering with the science
measurement. The simulation and experimental work described in this chapter aimed to
develop such a TDI experiment. A tone assisted TDIR algorithm was presented that used
a non-linear optimisation algorithm, to determine the delay required to suppress the noise
of one of the lasers in the displacement measurement between the two GRACE spacecraft.
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The proposed GRACE-FO TDI test would require the phase locking between spacecraft to
be disabled. With one laser frequency stabilised by locking to a stable reference cavity and
the other free-running, the aim of the TDI experiment would be to recover the displacement
sensitivity of the phase locked system.
Under simulated GRACE-FO conditions, the tone assisted TDIR algorithm was used to
suppress the laser frequency displacement noise by 8 orders of magnitude down to the
minimum displacement requirement for residual laser frequency displacement noise for
GRACE-FO of 20 nm/
√
Hz. The algorithm was able to estimate the time varying inter-
spacecraft range to within an RMS error of ± 0.2 m from the true range and an order of
magnitude below the requirement. The results of an experimental demonstration agreed
with these findings, proving the capabilities of the proposed tone assisted TDIR algorithm
in the presence of large path length fluctuations, a macroscopic optical delay and different
electronic delays.
These results have shown that a test of TDI on GRACE-FO is feasible and can be achieved
without requiring modifications to the hardware. Not only would this retire some risk for
the LISA mission but it would also offer some redundancy in the GRACE-FO laser ranging
instrument should the phase locking fail. The ability to cancel laser frequency displace-
ment noise of a free-running laser on one spacecraft below the phase locking requirement
in GRACE-FO also verifies a TDI based laser frequency displacement noise suppression
could be used on a multi-link GRACE, validating the signal processing plan outlined in
Chapter 3.
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Cancelling rotation coupled noise
with multi-link interferometry
In the multi-link interferometry concept, linear combinations of link measurements, each
with different sensitivity to the spacecraft rotation, are formed to suppress any rota-
tion coupled noise. A multi-link GRACE will allow the measurements to be individually
weighted to suppress displacement noise from both pitch and yaw of the spacecraft. An
experiment was performed to test the suppression of rotation-to-displacement coupling
using a weighted average of multiple displacement measurements.
The benchtop experiment used conventional optics to simulate a local spacecraft with 3
optical heads. An ideal far field signal from a distant spacecraft was then modeled using
a large collimated beam, with relative rotation of the spacecraft link added using the tip
and tilt on a a piezo-electric steering mirror. In addition to spacecraft rotation, acousto-
optic modulators were used to model laser frequency noise and piezo fibre stretchers to
model both fibre noise and an interspacecraft range signal. With the help of optimisation
algorithms the laser noise, fibre noise and rotation-to-pathlength noise were all canceled
to the measurement noise floor.
The chapter includes a detailed discussion of how the interspacecraft interferometer was
modeled on a benchtop for the proof of principle experiment, describe the steps involved
in setting up and debugging the system and then finally presents the results of several
experiments where laser frequency displacement noise, path length noise and both yaw
and pitch are suppressed while not sacrificing the ability to track a signal.
The work in this chapter benefited from discussions with Harry Ward, David Robertson
and Christian Killow from the Institute for Gravitational Research, University of Glasgow.
6.1 Designing a multi-link proof of principle experiment
The aim of the proof of principle experiment was to verify the signal processing for the
multi-link architecture proposed in Chapter 3. In particular, the suppression of rotation-
to-displacement coupling in the linear combination of multiple link measurements.
6.1.1 Proof of principle experiment aim
A simple experiment to test the multi-link concept is shown in Figure 6.1. In the exper-
iment multiple optical heads are illuminated with light from a distant source. The beam
needs to have a sufficiently large width at the reference so that light couples into all 3
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Figure 6.1: Simple experiment to test the multi-link concept. Multiple optical heads measure
different displacement error due to relative wavefront tilt in an incoming beam. Combining the
measurements in post-processing the rotation-to-pathlength error can be cancelled in a synthesised
line-of-sight measurement.
optical heads. If the wavefront has no tilt relative to the optical heads, the displacement
measured along each optical head path will be equal. If the wavefront has tilt, a dif-
ferent displacement will be measured along each path. Combining these measurements
with different weights, the effect of rotation-to-pathlength coupling can be canceled in a
synthesised line-of-sight displacement measurement. With 3 optical heads it is possible to
suppress both pitch and yaw from coupling into the synthesised displacement measure-
ment.
6.1.2 Approximating the optical head
In a multi-link GRACE, beam divergence over the 200 km spacecraft separation will
cause the light arriving from the distant spacecraft to have a beam width on the order of
100 m. The optical heads can therefore be positioned on the vertices of the spacecraft,
with separations around 1 m, and still receive light. Increasing the separation increases
the sensitivity to rotation, providing a stronger calibration signal when determining the
spacecraft weights that minimise rotational coupling.
In contrast, modelling spacecraft separations in a benchtop experiment larger than a few
metres is difficult. Consequently the optical head separation in the benchtop experiment
needs to be sufficiently small such that the optical heads collectively cover an area smaller
than the beam width of the distant source.
To replicate the function of the optical head in the proof of principle experiment, two
options were considered:
• Use collimators that are compact and can be positioned close together
• Approximate the optical head using conventional optics
At first, Graded Index (GRIN) lenses were used to construct compact collimators that
could then be bundled close together. Figure 6.2 (a) shows a schematic explaining the
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alignment sleeve
fibre ferrule GRIN lens
Ø1.8 mm
(a) GRIN lens construction
(b) Single GRIN lens optical head (c) GRIN lens optical head array
Figure 6.2: Early GRIN lens based optical head prototype
construction of a single GRIN optical head. In (b) a single GRIN optical head is shown
and in (c) a GRIN lens optical head array that was used in initial investigations of the
rotation-to-pathlength coupling is shown. The 1-inch aluminum plate houses 4 GRIN lens
optical heads. The GRIN optical heads were constructed using a Thorlabs 0.23 pitch
GRIN lens (GRIN2310A), a pigtailed ferrule (SMPF0110-APC) and a GRIN lens/ferrule
alignment sleeve. An 8◦ angled interface between the ferrule and lens was used to minimise
back reflections with the reference reflection coming from the output face of the GRIN
lens. The optical heads were assembled with a UV curing glue with a refractive index
matched to the ferrule.
The GRIN lens optical heads had a diameter of 1.8 mm but were housed in brass sleeves
with diameters of 5 mm to protect the lens assemblies and provide strain relief to the
fibres. The optical heads at the vertices of the triangular array were then separated by
12 mm with the 4th optical head at the centre of the array used as a truth measurement.
The goal of the experiment was to demonstrate that the truth measurement could be
reconstructed by a weighted average of the three outer head measurements.
The 12 mm separation between optical heads in the GRIN lens optical head assembly
proved to be too large for the beam sizes that could be achieved in the lab, so alternatives
had to be considered. For simplicity it was decided that an optical head did not need to
be built1 instead opting to use a number of conventional optics - fibre collimators, beam
splitters and a reference flat - to simulate the function of the optical head. The optical
head concept is compared with the approximate optical head in Figure 6.3.
As Figure 6.3 demonstrates, given the optical heads are essentially fibre collimators with
a common reference plane, their function can be easily emulated using free-space optics.
In Figure 6.3(a) an ideal optical head assembly with three optical heads is shown. The
output of the optical head is partially reflective allowing some of the light along each link
to be reflected at the output providing the local fibre reference measurement.
1In Section 8.2.3 a prototype optical head built using 3D laser written waveguides is described
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Figure 6.3: The 3 element optical head in (a) remaps three fibre inputs into a triangle configura-
tion. The output of the optical head is made partially reflective to produce reflections at the output
of each fibre for the local oscillator. The optical head used in the proof of principle experiment,
shown in (b), was modeled in free-space using a combination of fibre collimators, beam splitters
and a reference flat. The shaded region shows the optics that replace the single optical head device
in (a).
Figure 6.3(b) shows that the optical head in (a) can be replicated using 3 collimators
and 4 beamsplitters. Two of the beamsplitters are used to steer the collimated beams
so that they are parallel at the output reference and confined within a small area. A
third beamsplitter is used to balance the power in the links. The fourth is an in-line
beamsplitter with a reflectivity of 30% that is used as the reference. The light along each
link reflects off the reference, providing a local oscillator for the heterodyne detection.
The noise in the air along each link is equivalent to the fibre noise that would occur along
each fibre link. This is partially canceled in the heterodyne detection and fully canceled
in the round-trip combination. The pathlengths along each link between the collimator
and reference flat are macroscopically matched so that the links will have equal delays in
the DEHI multiplexing.
The optics used to approximate the optical head are shown in Figure 6.4. The ‘optical
head’ collimators A, B and C were aligned to the reference flat, maximising the coupling of
the reflected light along link into the 3 fibres. The actuators on the collimator and beam
splitter mounts were used to steer the beams so that they approximated a triangular
optical head at the reference flat.
The disadvantage of approximating the optical head with conventional optics is the extra
loss due to the beamsplitters. On a single pass, only 25% of the light from each collimator
reaches the output. The light reflected from the reference flat that couples back into
the fibre is only 1.875% of the emitted light (not including coupling losses back into the
fibre). Although only 2 beamsplitters are needed to align the 3 optical head beams, a
third beamsplitter is shown in Figure 6.4. This was needed to balance the local oscillator
power in each link.
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Figure 6.4: Optical head approximation. The three collimators A, B, and C are combined using
two beam splitters to approximate a triangular optical head array at the reference flat. The
reflected light from the reference flat is used as the local oscillator in each link allowing the free-
space optical paths between the collimators and reference flat to be removed from the displacement
measurement in post-processing in the same manner as the fibre pathlength fluctuations.
6.1.3 Modeling a multi-link GRACE on an optical bench
The aim of the multi-link proof of principle experiment was to suppress both pitch and
yaw using an array of three optical heads. While the layout in Figure 6.1 will measure
different displacements along the three optical head paths proportional to the tilt of the
rotated wavefront, the measurement will also be sensitive to fibre fluctuations and laser
frequency noise. This will obscure the suppression of rotation-to-pathlength coupled noise
making it difficult to evaluate the performance of the technique. Fortunately, in addition
to suppressing rotation-to-pathlength coupling, the multi-link architecture presented in
Chapter 3 is able to cancel laser frequency displacement noise and fibre pathlength noise
using displacement measurements at either end of each link and a simple time delay
interferometry combination like the one presented in the previous chapter.
Figure 6.5 shows an experimental layout that can be used to test the suppression of
rotation-to-pathlength coupling without being limited by laser and fibre noise. Using the
optical head approximation in Figure 6.3 (b), displacement is measured at both ends of 3
links formed between a local spacecraft2 and optics that emulate a distant spacecraft.
A single NPRO laser source is split between two acousto-optic modulators (AOMs) which
are used to shift the frequency of the light to simulate the local and distant spacecraft
lasers. There is a fixed frequency offset between the two beams of 2.5 MHz allowing the
displacement to be measured along each link using heterodyne interferometry.
In the local spacecraft laser 1 light is split between three arms: A, B and C. In each
arm an electro-optic modulator (EOM) is used to apply the pseudo random noise (PRN)
code phase modulation needed for digitally enhanced heterodyne interferometry (DEHI)
multiplexing.
A single 16-bit PRN code was generated on LabVIEW and delayed - Code A has no delay,
2A replica of the multi-link GRACE spacecraft layout proposed in Chapter 3
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Figure 6.5: Optical layout for proof of principle experiment. A single laser is frequency shifted
using acousto-optic modulators to get the local and distant spacecraft lasers. The local spacecraft
uses the multi-link GRACE architecture with 3 optical heads. An ideal signal from a distant
spacecraft is modeled using a large diameter collimator. The interspacecraft separation is emulated
with a 10 m fibre and a fibre stretcher to add a displacement signal. Laser noise, pathlength noise
and relative rotation of the spacecraft can be added using the AOMs, fibre stretcher and fast
steering mirror shown.
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Figure 6.6: Suppressing spurious reflections with DEHI. The amplitude of the 2.5 MHz beat-
note along link A measured both with and without a 4 chip separation between a spurious EOM
reflection and the reference reflection.
Code B has a delay of 100 chips and Code C has a delay of 200 chips - to produce three
low cross-correlation codes. With a 40 MHz chip frequency, a 100 chip delay is equivalent
to a free-space optical pathlength of 750 m. Given the longest delay through the system
is around 30 m, the 100 chip isolation between codes A, B and C therefore is sufficiently
high that the codes can be considered orthogonal throughout.
The 10 m fibre lengths shown in each optical head link are used to minimise cyclic error.
Figure 6.6 shows a measurement of the link A beatnote amplitude both with and without
the 10 m fibre delays. Without the added fibre, the amplitude fluctuates by ±40% of
its nominal value, indicating a spurious reflection is interfering with the local oscillator
and signal fields at the detector. The spurious reflection was traced back to the electro-
optic modulator (EOM) used in the PRN phase modulation. The manufacturers of the
modulators specify a typical optical return loss of -45 dB [127]. In comparison, the local
oscillator field reflected from the reference flat in Figure 6.3 will have a minimum loss of -35
dB. However this does not include the effects of any coupling loss as the back reflected field
couples into the fibre. Therefore the EOM reflection and the reference reflection are likely
to be within an order of magnitude of each other. With a 40 MHz chip frequency, a chip
is equivalent to 5 m in fibre3. Since the additional 10 m fibres are double-passed by the
reflected beam they provide 4 chips of isolation between the spurious EOM reflection and
the reference reflection. As Figure 6.6 shows, the fluctuations in the beatnote amplitude
are significantly lower when the two reflections have this isolation.
The optical head is approximated using 3 Thorlabs triplet collimators (TC12APC) with
the beams remapped into a triangle array at the output reference flat with a separation
3Assuming a refractive index n ≈ 1.5 in fibre
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on the order of 100 µm.
The signal from the distant spacecraft is modeled using a single collimator with a 5.49 mm
beam waist diameter (TC25APC). Again an EOM is used to apply a PRN phase modula-
tion. The distant spacecraft Code D is generated by delaying the 16-bit PRN code by 300
chips relative to code A. The additional collimators in the distant spacecraft (F810FC) are
used so that the in-line beamsplitter can be inserted to provided a distant reference. The
fibre between the distant detector and the distant reference can then be canceled when
the multi-link measurements are processed.
The fibre between the distant reference and TC25APC collimator appears in the link
displacement measurements as part of the displacement signal, xR(t). The fibre stretcher
is used to add a displacement signal at 18 Hz.
6.1.4 Noise and signal injection
The performance of the multi-link architecture was evaluated by measuring the suppression
of several injected noise signals. To verify the interspacecraft displacement signal was
unaffected by the signal processing a range signal, xR(t), was also injected.
Figure 6.5 shows that laser noise, pathlength noise and pitch and yaw of the local spacecraft
were injected as tones at different frequencies. Laser noise is added to both the local and
distant spacecraft lasers by frequency modulating the input to the AOMs, pathlength noise
is injected into optical head path A using a fibre stretcher, and pitch and yaw of the local
spacecraft is added using a fast steering mirror. The frequencies of the injected noise and
displacement signal, and the method used to inject them, are summarised in Table 6.1.
Table 6.1: Summary of injected noise and signal tones
Signal/Noise Frequency [Hz] Method
Local laser noise 8 AOM
Distant laser noise 10 AOM
Local spacecraft pitch 12 FSM
Local spacecraft yaw 14 FSM
Pathlength noise in A 16 Fibre stretcher
Displacement 18 Fibre stretcher
6.1.5 Demultiplexing and phasemeter measurements
The real-time signal processing used in the proof of principle experiment was implemented
on an FPGA using LabVIEW. Figure 6.7 shows a block diagram of the LabVIEW program
used to extract the displacement measurements. Two analog-to-digital converters (ADCs)
convert the analog signals from the local and distant spacecraft detectors into digital
signals. The heterodyne beatnotes are then demultiplexed, with the displacement along
each link measured using a phasemeter. In total there are 9 displacement measurements:
3 on the local spacecraft and 6 on the distant spacecraft. On the local spacecraft the
one-way displacements, XL:A(t), XL:B(t) and XL:C(t), along the three optical head links
are measured. The subscript, L : A, is used to indicate it is the displacement along link A
detected on the local detector. On the distant spacecraft, in addition to the one-way link
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displacement measurements, XD:A(t), XD:B(t) and XD:C(t)
4, the displacement between
the local and distant reference surfaces is measured along each link. These measurements
can be subtracted off the one-way displacement measurements to reveal the measurement
noise floor. This is explained further in Section 6.2.2.
To demultiplex the heterodyne beatnotes, the ADC signals are decoded with artificially
delayed copies of the local and distant spacecraft PRN codes. Figure 6.7 shows the demul-
tiplexing of the link A beatnote from the local spacecraft detector. Code A is removed by
multiplying the local detector output with a PRN code that is delayed with an estimate
τˆL:A. This delay estimates the time-of-flight from the EOM in link A, to the optical head,
and back to the local detector. The distant spacecraft code D is then removed using a
code delayed with an estimate τˆL:AD. This delay estimates the time-of-flight from the
distant EOM to the local detector along link A. An FFT is used to assist the acquisition
of both delays. The FTT monitors the power at 2.5 MHz while both delays are stepped.
A phasemeter was then used to measure the displacement along the link. All displacement
measurements were then saved for oﬄine processing.
The LabVIEW program also generates and outputs the PRN codes used in the multiplex-
ing and several of the tones used for the noise and signal injection. The PRN code that
was used was a 16-bit m-sequence. With the FPGA running a 40 MHz clock, this code
has a repetition rate of 610 Hz. The phasemeter decimated the data by 4000 providing
a suppression of approximately 64 to crosstalk between demodulated signals [32]. There
are four PRN code generators, generating the local spacecraft codes – code 1A, code 1B,
code 1C - and the distant spacecraft code - code D. These are output through the FPGA’s
digital outputs with a chip frequency equal to the FPGA clock rate fc = 40 MHz. The
codes are then amplified to reach the vpi voltage required by the EOMs. LabVIEW is
also used to generate some of the tones used in the noise injection. These are simple sine
generators and are used to drive the pitch and yaw of the fast steering mirror as well as
the pathlength noise and displacement signal added in the fibre stretchers.
6.2 Measuring displacement along a single link
Each of the links was initially aligned and tested in isolation. This allowed the DEHI
code delays along each link to be determined before adding the additional complexity of
multiple links.
6.2.1 Code delay acquisition
The beatnote in each link has two orthogonal PRN phase modulations: the local and
distant codes. To decode the beatnote a double demodulation is performed, mixing the
encoded detector output with locally generated codes that have been artificially delayed
to match the delays of the local and distant codes. These delays include the effect of
pathlength delays in the optical setup as well as systematic delays due to the analog
electronic and digital components5.
The delay of each code was found using a manual search. Since the optical head links
were tested in isolation6 it was possible to acquire the delays for the local and distant
codes along each link separately, simplifying the delay acquisition. To acquire the delay
4Here the subscript D indicates the measurements were made on the distant spacecraft
5For example delays in the photodetector, BNC/SMA cables, ADCs, digital I/O and the FPGA clock
6The optical heads not under test were disconnected to minimise interference
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Figure 6.7: Real-time signal processing in proof of principle experiment. The demultiplexing and
displacement measurements along each link were performed on an FPGA using LabVIEW. A double
demodulation was used to demultiplex the link beatnotes in the detector outputs. A phasemeter
was then used to measure the displacement along each link. There are a total of 9 displacement
measurements: 3 local spacecraft one-way displacement measurements, 3 distant spacecraft one-
way displacement measurements and 3 signal measurements. The signal measurements can be used
to subtract an estimate of the interspacecraft range signal, xˆR(t), from the one-way displacement
measurements to reveal the limiting noise in the system. The LabVIEW program also generates
and outputs the codes used for multiplexing and some of the tones used in the noise and signal
injection.
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Figure 6.8: DEHI code acquisition in link A. The normalised FFT ‘correlator’ output is shown as
the locally generated code is delayed during decoding. In (a) the local spacecraft detector output is
decoded using the local spacecraft code 1A; in (b) the local spacecraft detector output is decoded
using the distant spacecraft code D; in (c) the distant spacecraft detector output is decoded using
the local spacecraft code 1A; and in (d) the distant spacecraft detector output is decoded using the
distant spacecraft code D. The four subplots clearly a large spike in the correlation corresponding to
the correctly decoded signals. In some cases there are additional spikes corresponding to spurious
reflections off EOMs and the far reference flat.
for each code, an FFT of the decoded detector signal was used to monitor the power at
the 2.5 MHz beatnote frequency. The delay of the decoding code was stepped until the
FFT output was maximised.
Figure 6.8 shows the normalised output of the FFT used for code acquisition along link
A. In (a) and (b) the local spacecraft detector output is decoded using the local spacecraft
code 1A and the distant spacecraft code D respectively. While in (c) and (d) the distant
spacecraft detector output is decoded using the local spacecraft code 1A and the distant
spacecraft code D. In the 4 subplots the delay is stepped from 0 to 30 chips.
All of the correlation plots in Figure 6.8 show a clear spike coincident with the reflection
from the reference flat in each case. A couple of the plots show other interesting features
including: in (a) a reflection off the EOM at 15 chips and a reflection off the ‘distant
reference’ at a delay of 24 chips; and in (d) a second peak at 22 chips from the ‘local
reference’. The reflection off the EOM is also just visible in (d) above the noise floor. In
(b) and (c) these features are not seen since these correspond to straight through signals
and therefore are unaffected by spurious reflections.
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6.2.2 Estimating the ‘interspacecraft’ displacement
In addition to the injected displacement signal, the ’interspacecraft’ displacement, xR(t),
measured along each link will be sensitive to pathlength fluctuations in the fibre and
free-space paths between the local and distant reference flats. Fortunately, as Figure 6.8
(d) shows, the distant spacecraft was able to detect reflections from both the ‘local’ and
‘distance’ reference flats. This made it possible to make an additional measurement along
each link that could be used to estimate the ‘interspacecraft’ displacement. This estim-
ate could then be subtracted off the round-trip line-of-sight displacement to reveal the
measurement noise floor.
Figure 6.9 explains how the reflections from both the ‘local reference’ and ‘distant ref-
erence’ detected on the distant spacecraft can be used to estimate the ‘interspacecraft’
displacement signal xR(t). In the figure there are two local oscillator fields: the reflection
off the ‘distant’ spacecraft reference, ED:D(t), and the reflection off the ‘local’ spacecraft
reference, ED:S(t). Both interfere with the frequency offset signal, ED:A(t), coming from
the local spacecraft.
The reflection off the ‘local reference’, ED:S(t), is attenuated by the fibre and neutral
density filters used to emulate the spacecraft separation and is therefore considerably
weaker. The two local oscillator fields however measure the same displacement with the
exception that ED:S(t) double-passes the ‘interspacecraft’ displacement. The signal field on
the distant spacecraft ED:A(t) only has a single-pass of the ‘interspacecraft’ displacement.
The displacement extracted from the beatnote between the ‘signal’ and the ‘local oscillator’
therefore will be equal to:
xD:A(t) = xLL(t− τ)− xDL(t) + ∆xLPath(t) + ∆xR(t)−∆xDPath(t) (6.1)
where xLL(t) is the local spacecraft laser noise, xDL(t) is the distant spacecraft laser noise,
and ∆xLPath(t) and ∆xDPath(t) are the local and distant spacecraft fibre fluctuations
respectively.
The displacement extracted from the beatnote between the ‘signal’ and ‘far local oscillator’
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will be:
xS:A(t) = xLL(t− τ)− xDL(t) + ∆xLPath(t)−∆xR(t)−∆xDPath(t) (6.2)
The ‘interspacecraft’ displacement, ∆xR(t), can be estimated by taking the difference of
Eq. 6.2 and Eq. 6.2:
xˆR(t) =
1
2
(xD:A(t)− xS:A(t)) (6.3)
Subtracting this estimate off a round-trip line-of-sight combination will reveal the meas-
urement noise floor. This will allow the suppression of the different noise tones to be
determined without being obscured by the ‘interspacecraft’ displacement.
6.2.3 Single link displacement measurements and round-trip combina-
tion
With a single link it is not possible to suppress rotation. Using the the one-way displace-
ments measured at either end of the link however it is possible to suppress laser frequency
displacement noise and fibre pathlength noise when a round-trip measurement is formed.
Figure 6.10 shows the one-way, xL:A(t) and xD:A(t), and round-trip displacement, xA(t),
measured along link A. In (a), the one-way measurements are shown to evolve by tens
of cycles over the 1000 second measurement. The drift in the one-way measurements
are suppressed in the round-trip measurement, xA(t), formed using a simple time delay
interferometry combination based off Eq. 3.33:
xA(t) = xL:A(t)− xD:A(t− τˆA) (6.4)
Where the delay, τˆA, was found using an optimisation algorithm that attempted to min-
imise the power in the 10 Hz tone that was injected to model laser frequency noise in the
distant laser. The round-trip measurement still shows a pathlength drift of tens of cycles.
Subtracting an estimate of the ‘interspacecraft’ displacement from the round-trip com-
bination however7 reveals the measurement noise floor, ∆xA,n(t). The drift was therefore
part of the ‘interspacecraft displacement’. In the enlarged portion of the trace the residual
noise has an RMS error of approximately 0.05 cycles and is approximately flat over the
1000 second measurement.
Figure 6.10 (b) shows a root-power spectral density plot of the one-way and round-trip
displacement measurements. The one-way displacements share the same features: a low
frequency 1/f roll-up due to laser frequency equivalent displacement noise and pathlength
noise; a white noise floor above 2 Hz and the injected noise and signal tones summarised
in Table 6.1. In the round-trip measurement, xA(f), the local laser, distant laser and
injected pathlength noise are all suppressed. The 1/f roll-up noise at low frequencies
is partially suppressed. The residual noise low-frequency noise is most likely from fibre
fluctuations in the ‘interspacecraft’ fibre link since the noise mostly cancels when the
‘interspacecraft’ displacement estimate is subtracted from the round-trip combination,
revealing a measurement noise floor δxA,n(f) ≈ 1 nm/√Hz. The rotation coupled error
7The ‘interspacecraft’ displacement was estimated using the second local oscillator field on the ‘distant’
spacecraft
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and displacement signal are all unaffected by the round-trip combination. The suppression
of each tone is summarised in Table 6.2.
Table 6.2: Noise suppression in 1-link measurement
Noise Suppression [dB]
Local laser noise 39
Distant laser noise 38
Local spacecraft pitch 0
Local spacecraft yaw 0
Pathlength noise in A 20
In the multi-link analysis presented in Chapter 3 the round-trip combination cancels the
distant spacecraft laser noise and any fibre fluctuations along the link. The local spacecraft
noise is not expected to cancel which is apparently contradicted by what is shown in
Figure 6.10 (b). The explanation for this discrepancy can be realised when the size of the
optical delays in the benchtop experiment are small compared with those in GRACE. The
round-trip combination, xA(t), shown in the figure is approximately:
xA(t) ≈ 1
2
[xLL(t)− xLL(t− 2τA)]− xR(t)−∆xP(t)−∆xY(t) + ∆xA(t) (6.5)
where it is assumed the distant spacecraft laser noise is cancelled, ∆xP(t) and ∆xY(t) are
the pitch and yaw coupled displacement from the fast steering mirror and ∆xA(t) is white
displacement noise most likely due to shot noise and cyclic noise. The measurement has
been scaled by 1/2 to have the same sensitivity to the displacement, xR(t), as the one-way
measurements. Since the pathlength between the local spacecraft and distant spacecraft
on the optical bench was only of order 10 m the delay 2τA ≈ 66.7 ns is therefore negligible.
Consequently the delay τˆA that cancels the distant laser noise also suppresses the local
laser noise. Although the noise will not cancel completely it is at least suppressed below
the noise floor.
6.3 Suppressing yaw coupled error in a 2-link interferometer
Once the code delays were acquired along each link, and round-trip combinations of one-
way measurements had been shown to suppress laser frequency displacement noise and
fibre pathlength fluctuations noise, a second link was added. With two links it was possible
to investigate the suppression of rotation-to-pathlength coupling around one axis, measure
the DEHI suppression of cross-talk between links and analyse the noise scaling as the
weighted average phase centre was moved relative to the optical heads. The results of
these investigations are discussed in this section.
6.3.1 Modelling pitch and yaw with a fast steering mirror
In Figure 6.5, pitch and yaw of the local spacecraft are modeled using a fast steering mirror
(FSM) positioned in the free-space path between the two reference flats. Figure 6.11 shows
a photo of the FSM used in the multi-link experiment. The FSM was mounted on two
translation stages allowing it to be moved within the y-z plane of the beams reflecting off
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Figure 6.10: One-way and round-trip displacement measurements along link A. (a) shows
the measurements over a 1000 second measurement. (b) shows the corresponding root-power
spectral density. The four traces are: one-way displacement measurement on local spacecraft
xL:A(t)/xL:A(f); one-way displacement measurement on distant spacecraft xD:A(t)/xD:A(f); a
round-trip measurement xA(t)/xA(f) formed from the two one-way measurements; and the noise
floor in the round-trip combination ∆xA(t)/δxA(f). The injected noise and signal tones are indic-
ated in (b).
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Figure 6.11: Modelling pitch and yaw with a fast steering mirror (FSM). The FSM was mounted
on two translation stages allowing the mirror to be moved within the y-z plane of the reflecting
beams. Moving the centre of the mirror with respect to the optical heads changes the coupling of
pitch and yaw, allowing the signal-to-noise scaling of different weighted averages to be investigated.
the mirror. Pitch and yaw of the local spacecraft were modeled by driving the tip and tilt
actuators on the mirror at different frequencies.
If the beam reflects off the mirror at a point offset from the mirror’s centre, it changes the
optical pathlength of the beam. By translating the mirror in both y and z, the relative
offset between the optical head beams and the centre of the mirror could be changed. This
allowed the coupling of pitch and yaw to be changed without affecting the ‘optical head’
alignment, allowing different weighted averages to be investigated.
Figure 6.12 shows two configurations that were investigated. In (a), the mirror centre is
aligned with the centre of the three optical heads. This is equivalent to the spacecraft
centre of mass being enclosed by the optical head. To cancel the pitch and yaw, positive
weights with magnitudes less than 1 can be used. In (b), the mirror is positioned so
that its centre is outside the area enclosed by the optical heads. This is equivalent to
the optical head being placed to the side of the spacecraft. To cancel the pitch and yaw
requires negative weights with magnitudes larger than 1. This leads to a degradation of
the signal-to-noise ratio in the synthesised displacement.
6.3.2 Two link displacement measurements and combinations
The suppression of rotation-to-pathlength coupled error was investigated using a 2-link
interferometer. With two links it is possible to cancel rotation-to-pathlength coupled
error from rotation around one spacecraft axis. Links B and C, shown in Figure 6.12, were
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Figure 6.12: Changing the rotation-to-pathlength coupling strength. Translating the fast steering
mirror (FSM) relative to the optical heads (OHA,OHB,OHC) changes the coupling of pitch θy and
yaw θz into displacement. Two configurations are shown: (a) the optical heads are centred on the
FSM; and (b) the optical heads are offset by ∆y from the centre of the FSM.
used since they experience the same pitch-to-pathlength coupling but opposite yaw-to-
pathlength coupling, assuming the optical heads are centred on the FSM. Averaging the
link measurements, the yaw-to-pathlength coupled noise should cancel, while the pitch-to-
pathlength noise will remain. Translating the FSM in y, it was then possible to investigate
how the weights and signal-to-noise ratio of the weighted average changed when the centre
of rotation was offset from the centre of the optical heads.
Displacement root-power spectral density plots for two 1000 second, 2-link measurements
are shown in Figure 6.13. In (a) the optical heads were, to best approximation, centred on
the FSM, while in (b), the FSM was translated to offset the optical heads from the centre
of the FSM. Both plots show the one-way link displacement measurements, xL:B(f) and
xL:C(f), made on the local spacecraft, the round-trip displacement measured along link
B, xB(f), and a centre of mass combination, xcm(f). An estimate of the ‘interspacecraft’
displacement is subtracted off the centre of mass combination to reveal the measurement
noise floor, δxcm(f). To ensure the readability of both plots, the one-way distant space-
craft measurements, xD:B(f) and xD:C(f), and the round-trip combination, xC(f), are not
shown. The one-way distant spacecraft measurements are similar to their local spacecraft
counterparts and the suppression of the noise tones in the round-trip measurement, xC(f),
is similar to the suppression seen in xB(f).
The one-way local spacecraft measurements are similar to the one-way measurements in
the 1-link test in Section 6.2. At low frequency the measurements are dominated by a
1/f noise, while at the high frequency end of the measurement span, the tones due to
the injected laser noise, yaw, pitch, pathlength and ‘interspacecraft’ displacement signals
can be seen. The fibre stretcher was added to the optical head B path for this test. The
one-way link C measurement , xL:C(f), in both (a) and (b) show no pathlength noise,
confirming the DEHI system is able to suppress the crosstalk by at least 17 dB, down to
the noise floor.
In the 2-link measurements shown in Figure 6.13 the FSM was positioned relative to the
optical heads in order to minimise coupling from pitch into link B and C. Therefore in (a),
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Figure 6.13: One-way, round-trip and centre of mass displacement measurements along links B
and C. Displacement root-power spectral density plots for two 1000 second, 2-link measurements
are shown. In (a), the optical heads were centred on the FSM, while in (b), the optical heads were
offset from the centre of the FSM. Both plots show the one-way link displacement measurements,
xL:B(f) and xL:C(f), made on the local spacecraft, the round-trip displacement measured along
link B, xB(f), and a centre of mass combination, xcm(f). An estimate of the ‘interspacecraft’
displacement is subtracted off the centre of mass combination to reveal the measurement noise
floor, δxcm(f). The injected noise and signal tones are indicated.
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the pitch tone in the one-way measurements is almost an order of magnitude smaller than
the yaw tone. Comparing the pitch and yaw tones in (a) and (b), the ‘offset’ measurement
is less sensitive to yaw and more sensitive to pitch than in the ‘centred’ measurement.
The increased sensitivity to yaw is because as the FSM was translated in y, the offset
between the optical heads and the centre of the FSM was increased therefore increasing
the coupling strength. The decreased sensitivity to pitch is most likely a second order
effect from the translation. A small angular misalignment between the mirror frame and
the beam frame would result in a small translation in z when the FSM is translated in y.
Alternatively, given the z translation stage as shown in Figure 6.11 is mounted to the y
translation stage, it is possible that translating the FSM in y caused the z stage to shift,
changing the coupling strength.
The one-way measurements were combined to form round-trip measurements, xB(f) and
xC(f), using estimates of the time of flight delay along each link, τˆB and τˆC, as described
in Section 6.2. The centre of mass combination, xcm(f), was then formed using a weighted
average of the round-trip measurements with weights, wB and wC:
xcm(f) = wBxB(f) + wCxC(f) (6.6)
where the weights were found using a similar optimisation algorithm to the one used to
estimate the time of flight delay in Section 6.2. To form the centre of mass combination
however the optimisation algorithm found the weights, wB and wC, that minimised the
power in the injected 14 Hz yaw signal with the constraint that wB + wC = 1 in order to
preserve the sensitivity to the ‘interspacecraft’ displacement.
Table 6.3: Weights used to suppress yaw in 2-link measurements
Weight
Centred Offset
wB 0.4 1.87
wC 0.6 -0.87
The weights used to form the centre of mass combinations in Figure 6.13 (a) and (b)
can be found in Table 6.3. As the table shows, in the ‘centred’ measurement the optical
heads were actually offset from the centre of the FSM. Since the link C measurement has
a higher weighting of 0.6, the FSM centre was closer to link C. Although the FSM was
not centred it was at least between the optical head links and therefore the magnitudes of
the weights are less than 1. In comparison, since the FSM was translated in the ‘offset’
measurement, the FSM centre is not between the optical heads and therefore a negative
weight is needed. Consequently, as discussed in Section 3.5.4, the signal-to-noise ratio
of the synthesised centre of mass measurement decreases. Comparing the high-frequency
noise in the centre of mass measurements, xcm(f), in Figure 6.13 (a) and (b), it is clear
that the ‘offset’ measurement has higher noise.
The suppression of the injected noise tones was measured relative to the noise floor.
The higher noise in the ‘offset’ measurement therefore limited the measured suppression.
Table 6.4 compares the noise suppression in the two measurements. The local laser noise,
distant laser noise and pathlength noise are suppressed by approximately the same amount
as they were in the single link measurement. In the ‘centred’ measurement, yaw coupled
error has been suppressed by 20 dB, verifying the weights in Table 6.3. The pitch coupled
error is also partially suppressed in the weighted average. This should not be the case if
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Table 6.4: Comparison of noise suppression in 2-link measurements
Suppression [dB]
Noise Centred Offset
Local laser noise 39 36
Distant laser noise 37 33
Local spacecraft pitch 5 5
Local spacecraft yaw 20 15
Pathlength noise in B 18 16
B and C have the same z position on the FSM. However, before taking the measurement,
pitch coupled error was minimised. Therefore B and C are located near the z=0 line on
the FSM. Any offset in z between the beams B and C will lead to asymmetric coupling of
pitch to displacement. Consequently in the weighted average some cancellation would be
expected.
6.4 Suppressing pitch and yaw with a 3-link interferometer
After demonstrating crosstalk and yaw could be suppressed in a 2-link interferometer
a third link was added. With 3 links it was possible to test the multi-link GRACE
architecture proposed in Chapter 3, cancelling both pitch and yaw of the local spacecraft.
6.4.1 Three link displacement measurement
The displacement was measured along all 3 links shown in Figure 6.5. Displacement
root-power spectral densities for the one-way measurements along A, B and C and the
centre of mass combination are shown in Figure 6.14. In (a) the one-way local spacecraft
measurements, xL:A(f), xL:B(f) and xL:C(f), are shown. They share the same features as
the one-way measurements in the 1-link and 2-link measurements, a low frequency roll-up
and a white noise floor above a few Hz. The injected noise and signal tones can be seen
above 8 Hz. The distant spacecraft measurements, xD:A(f), xD:B(f) and xD:C(f), are not
shown in order to simplify the plot. In (b) the same root-power spectral density is shown,
zoomed in on the injected tones.
Since the injected noise and signal tones in the 1-link and 2-link tests were evenly spaced
(8, 10, 12, 14, 16, 18 Hz) it was possible that the measurements were sensitive to beating
between the injected tones. To prove unequivocally that the post-processing was cancelling
the injected noise, for the 3-link measurement the frequencies of the tones were changed.
The updated tone frequencies are listed in Table 6.7.
The laser noise, pathlength noise and rotation to pathelength coupling were suppressed
in two stages. First the laser and pathlength noise were suppressed by forming round
trip combinations along each link. The round-trip combinations, xA(f), xB(f) and xC(f),
are not shown in Figure 6.14 to make the suppression of the rotation in the centre of
mass measurement clearer. Similar suppression to that seen in Figures 6.10 and 6.13 was
observed.
The rotation to pathlength coupling was suppressed by forming a weighted average with
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Figure 6.14: One-way and centre of mass displacement measurements along links A, B and C. In
(a), the one-way link displacement measurements, xL:A(f), xL:B(f) and xL:C(f), made on the local
spacecraft and a centre of mass combination, xcm(f), are shown. An estimate of the ‘interspace-
craft’ displacement is subtracted off the centre of mass combination to reveal the measurement
noise floor, δxcm(f). The injected noise and signal tones are indicated. In (b), the region around
the injected noise and signal tones is enlarged showing the suppression of the laser frequency
displacement noise, pathlength noise and rotation coupled noise in the synthesised centre of mass.
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the round-trip measurements:
xcm(f) = wAxA(f) + wBxB(f) + wCxC(f) (6.7)
To find the weights, wA, wB and wC, an optimisation algorithm similar to the one described
in Section 6.3 was used. However this, time both the pitch and yaw coupled error were
minimised. The root-power spectral density of the synthesised centre of mass phase can
be seen in Figure 6.14(a) and (b).
Table 6.5: Weights used to minimise pitch and yaw in 3-link measurement
Weight
wA 0.44
wB 0.03
wC 0.53
The weights used to form the centre of mass displacement are shown in Table 6.5. As-
suming the optical heads are arranged in an equilateral triangle, and they are centred on
the FSM, the weights should be equal: wA = wB = wC = 1/3. As the charge coupled
device (CCD) beam profiler image in Figure 6.15 shows however there is an offset in z
between B and C. In the frame of the CCD the centroid positions of the three beams were
independently measured. The offset of 270 µm between B and C changes the sensitivity
of these two measurements to pitch. Consequently different weights are needed to cancel
pitch and yaw in the weighted average.
The rotation-to-pathlength coupling strength is determined by the relative offset between
the centre of the FSM and each of the optical heads. Although the exact location of the
FSM relative to the optical heads was unknown, it was possible to estimate using the CCD
image and the weights in Table 6.5.
If the position of the FSM in the CCD frame is (yFSM, zFSM) and the optical heads have
positions (yA, zA), (yB, zB) and (yC, zC) respectively then the coupling of pitch and yaw
into pathlength in optical head A is given by:
δx˜yaw(t) = (yA − yFSM) · sin δθ˜yaw(t) (6.8)
δx˜pitch(t) = (zA − zFSM) · sin δθ˜pitch(t) (6.9)
for yaw θ˜yaw(t) and pitch θ˜pitch(t). Similar expressions can be written for optical head B
and C.
To cancel the pitch and yaw coupled error, the weights in Table 6.5 can be used. Therefore:
∑
i=A,B,C
wi · (yi − yFSM) · sin δθ˜yaw(t) = 0 (6.10)∑
i=A,B,C
wi · (zi − zFSM) · sin δθ˜pitch(t) = 0 (6.11)
Which can be rearranged to give an expression for the FSM coordinates in the CCD frame:
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yFSM =
∑
i=A,B,C
wiyi (6.12)
zFSM =
∑
i=A,B,C
wizi (6.13)
The centre of the FSM in the CCD frame was estimated to be (3.81, 2.78) mm. This is
represented by the dashed line in Figure 6.15. The estimated position of the FSM centre
agrees with the measured coupling of pitch and tone into the round-trip measurements
which are summarised in Table 6.6. The largest displacement error is the yaw coupling
into B which is reflected by the large offset between the y=0 line and the centre of B in
the figure.
Table 6.6: Comparison of pitch and yaw in post-processing combinations
Displacement [nm/
√
Hz]
Combination Pitch Yaw
xA(f) 76.13 54.54
xB(f) 40.55 132.90
xC(f) 60.42 53.92
The displacement root-power spectral densities in Figure 6.5 also show the estimated
measurement noise floor, δxcm(f), found by subtracting an estimate of the ‘interspacecraft’
displacement from the synthesised centre of mass. The 2 nm/
√
Hz estimated noise floor
in Figure 6.5 is higher than the synthesised centre of mass displacement, xcm(f), therefore
it does not really represent the noise floor of the measurement. The curve has been
included since it shows the cancellation of the low-frequency noise, confirming that the
1/f roll-up is due to the ‘interspacecraft’ fibre path. The noise is higher than the centre of
mass displacement since the beatnotes used to estimate the ‘interspacecraft’ displacement
were considerably weaker than the beatnotes used to make the one-way displacement
measurements. As Figure 6.8 (d) shows, the amplitude of the ‘local reference’ beatnote
used to estimate the ‘interspacecraft’ displacement is an order of magnitude smaller than
the ‘distant reference’ beatnote used in the one-way measurements. While both beatnotes
have the same low power signal field, since the local oscillator used in the ‘local reference’
beatnote is also low power, the shot noise from both the local oscillator and the signal
field need to be considered. Therefore Eq. 2.22 no longer accurately describes the relative
shot noise level, explaining why the noise is higher, despite the beatnotes sharing the same
signal field.
The measured suppression of the injected noise tones is summarised in Table 6.7. The
laser frequency displacement noise, pathlength noise and rotation coupled noise were all
suppressed down to the noise floor.
It is possible that the weighted average is capable of suppressing the rotation coupled
error by more, however the measurement was limited by the coupling strength of rotation
to pathlength. The size of the ‘pitch’ and ‘yaw’ tones was ultimately limited by two
factors. The first was the distance between the optical head beams and the centre of
the fast steering mirror (FSM). The second was the size of the signals used to drive the
steering mirror. The coupling strength could be increased by increasing the separation of
optical heads however the separation was constrained by the size of the distant spacecraft
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Figure 6.15: Optical head configuration captured using CCD camera beam profiler. The EOMs
in the optical head paths were used to modulate the phase of each beam with vpi to decohere the
beams and prevent interference when imaging them with the camera. The approximate centre of
the FSM relative to the optical heads is shown based on the measurements in Figure 6.13 (a). The
measured centroids of the three beams are shown relative to the CCD frame. Coordinates are in
millimetres.
D 
Ø = 4.4 mm
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Figure 6.16: Comparison of signal beam and optical head beam. A Gaussian fit was found for
the distant spacecraft beam and each of the optical head beams after being imaged by the CCD
camera beam profiler. The diameter of the distant spacecraft beam D and optical head A are
shown for comparison.
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Table 6.7: Noise suppression in 3-link measurement
Signal/Noise Frequency [Hz] Suppression [dB]
Local laser noise 8 38
Distant laser noise 14.03 36
Displacement 19.31274 -
Local spacecraft pitch 21.75 16
Local spacecraft yaw 23 18
Pathlength noise in A 25.8772 18
signal. Figure 6.16 shows the relative size of the two beams captured using the CCD
beam profiler. Increasing the separation of the optical heads was not possible without
severely affecting the overlap between the optical head beams and the distant spacecraft
beam. Increasing the size of the pitch and yaw signals used to drive the FSM was another
possible way to increase the sensitivity, however it was found that if they were increased
beyond approximately ±250 µrad, the distant spacecraft beam was steered off the optical
head collimators and no signal was seen.
6.5 Chapter summary
This chapter presented the results of an experimental test of the multi-link concept. The
benchtop experiment demonstrated the suppression of rotation-to-pathlength coupling due
to both pitch and yaw by up to 18 dB using a weighted average of 3 link measurements.
In the benchtop experiment conventional optics were used to model a local spacecraft
with 3 optical heads. A single distant spacecraft signal was incident on the array of optical
heads. A large collimated beam was used to represent an ideal far field signal with relative
rotation of the spacecraft link added using the tip and tilt on a piezo-electric steering
mirror. The optical heads were approximated using fibre collimators and beamsplitters to
position the local spacecraft beams within the beam diameter of a larger distant spacecraft
signal beam.
In addition to spacecraft rotation, tones were injected to model laser frequency noise, fibre
fluctuations and an ‘interspacecraft’ displacement signal. Round-trip combinations along
each link were formed to suppress the injected laser frequency and fibre fluctuation tones.
Weighted averages of multiple round-trip measurements were then formed to suppress the
rotation-to-pathlength coupled error. With the majority of the signal processing occurring
oﬄine, optimisation algorithms were implemented in Matlab to find the spacecraft delays
needed in the round-trip combinations, and the weights used to synthesise the centre of
mass displacement.
The chapter outlined the steps required to align and test the experiment. Starting with
a single optical head link the double demodulation digitally enhanced heterodyne inter-
ferometry (DEHI) scheme required to demultiplex the optical head beatnotes was tested.
Using the displacement measurements at either end of the single link, a round-trip meas-
urement was formed that cancelled laser frequency noise and pathlength noise. Adding
a second link the DEHI crosstalk suppression was tested and weights were found to sup-
press rotation-to-pathlength coupled error from the simulated yaw. Adding a third optical
head link both yaw and pitch coupled error were cancelled. In the final 3-link demonstra-
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tion the optimisation algorithms were able to suppress the the laser noise, fibre noise and
rotation-to-pathlength noise down to the ∼ 1 nm/√Hz measurement noise floor while
also maintaining the sensitivity to ‘interspacecraft’ displacement. This result verifies the
multi-link concept presented in Chapter 3.
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Evaluating the multi-link GRACE
concept architecture
The multi-link architecture aims to simplify the alignment and positioning of interspace-
craft interferometers by correcting for laser frequency displacement noise, pathlength noise
and rotation coupled displacement noise in post-processing. The multi-link GRACE pro-
posed in Chapter 3 however depends on three techniques that require testing before the
multi-link concept can be properly evaluated. In the preceding three chapters, three separ-
ate experiments were presented addressing these challenges. In this chapter the results of
these experiments are discussed in relation to a multi-link GRACE. Along with a predic-
tion of the displacement sensitivity expected in a multi-link GRACE, these results inform
a discussion on the feasibility of a multi-link GRACE mission.
7.1 Experimental results
The multi-link GRACE concept proposed in Chapter 3 required three techniques that had
not been tested:
1. Phase tracking of signals with low signal-to-noise ratios
2. Post-processing suppression of laser frequency displacement noise in GRACE
3. Cancellation of rotation coupled displacement noise using weighted averages of mul-
tiple link measurements
In this section the results of the three experiments that attempted to resolve these chal-
lenges are discussed.
7.1.1 Phase tracking of tracking signals with low signal-to-noise ratios
The experiment described in Chapter 4 tested the limits of phasemeter tracking, measur-
ing the phase of signals below 1 pW. In space-based interferometers beam divergence and
uncertainties in spacecraft pointing affect the amount of signal power reaching the distant
spacecraft. A phasemeter tracking a low signal-to-noise ratio (SNR) signal will have two
dominant noise sources – shot noise and laser frequency noise – with competing require-
ments on the phasemeter bandwidth. If the phase error resulting from either source grows
too large then the phasemeter can cycle slip. A numerical analysis of the phase error from
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the two sources allowed an optimal controller bandwidth to be derived for different laser
frequency noise root-power spectral densities and signal powers. In a benchtop experiment
this optimisation was used to design a controller that allowed a 30 fW free-running signal
to be tracked with a measured cycle slip rate of less than 1 slip over 100 seconds. To the
author’s knowledge this is the weakest optical signal that has been tracked to date. Al-
though this result is significant, of more import for a next generation multi-link GRACE,
is that the analysis predicted a 2 kHz bandwidth could be used to track a 1 fW signal with
a cycle slip rate less than 0.001 per second, if a frequency stabilised laser, with stabilised
laser frequency noise 30 Hz/
√
Hz, were to be used.
The GRACE Follow-On laser link acquisition strategy has to resolve 5 degrees of freedom.
There are 4 alignment degrees of freedom – tip and tilt of both spacecraft – and an initial
frequency offset between the lasers. Initial link acquisition, which involves scanning with
fast steering mirrors on both spacecraft and sweeping the laser frequency on the slave
spacecraft, will take upwards of 6 hours [13, 14]. Acquisition in a multi-link GRACE
will have more degrees of freedom and therefore could be significantly more complicated.
Although recent proposals have indicated an alternative acquisition scheme (and some
modifications to the hardware and acquisition protocol) could reduce the commissioning
time to 160 s [128] it is worth considering how acquisition could be simplified further. A
multi-link GRACE would require at minimum 3 optical heads. While it depends on the
details of how the alignment of each link is controlled1, with 3 optical heads per spacecraft
there would be 9 links between spacecraft that have to be aligned. The fibre lengths used
for frequency stabilisation will need to be tuned along with the laser frequency. In the
DEHI multiplexing the code delays along each link will also need to be determined before
a beatnote can be detected from each link.
In Section 3.5.5 it was proposed that acquisition could be achieved using the star camera
based alignment of the spacecraft alone if femtowatt signals could be tracked. Assuming
worst case misalignment, the analysis showed that with a waist radius less than 1 mm
the beam divergence out of each optical head will result in an effective received power of
∼ 1 fW at each optical head on the distant spacecraft. Beatnotes along each link could
therefore be obtained without active beam pointing. The ability to track sub-picowatt
signals demonstrated in Chapter 4, and the predications that sub-femtowatt signals could
be tracked if the laser is pre-stabilised, could therefore drastically simplify the multi-link
GRACE link acquisition. More work will be needed however as the pre-stabilised tracking
prediction must be experimentally verified.
In addition to the benefits for a multi-link GRACE, the low SNR tracking results could
also enable alternate LISA architectures that require spacecraft separations greater than
100 million km [129, 130].
7.1.2 Post-processing suppression of laser frequency displacement noise
in GRACE
The frequency noise suppression experiment described in Chapter 5 aimed to develop a
test of time delay interferometry (TDI) that could be performed using the GRACE-FO
laser ranging interferometer. In the proposed test, phase locking on the slave spacecraft
is disabled and TDI is then used to combine the displacement measurements made on
the two spacecraft into a round-trip displacement measurement. This is similar to the
GRACE dual one-way ranging (DOWR) combination. The challenge was estimating the
1This could be done either by adjusting the entire spacecraft attitude or potentially actuating on
individual optical heads if more control is needed
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interspacecraft delay used in the TDI combination. To reach the required level of laser
frequency displacement noise suppression the delay had to be known to within 6 ns. LISA
will use a pseudo random ranging code to determine the delay however GRACE-FO lacks
the hardware to do this. Using a TDI variant, time delay interferometric ranging (TDIR)
with a frequency modulated laser, an algorithm was proposed that could determine the
delay with the required accuracy. With the algorithm the free-running slave laser noise
was suppressed below the 30 nm/
√
Hz GRACE-FO requirement in both simulation and
experiment.
These results indicate that a test of TDI on GRACE-FO is not only viable but could
be beneficial to the mission as it provides a redundancy if the phase locking fails. The
results also support the argument that a next generation GRACE could benefit from
TDI as the main laser frequency noise suppression technique. The TDI combinations on
a multi-link GRACE using the architecture proposed in Chapter 3 will potentially be
simpler than the experiment described in Chapter 5. The EOMs in the optical head paths
that are used for the digitally enhanced heterodyne interferometry could also be used
for pseudo random ranging, allowing a similar ranging strategy as LISA to be adopted
when determining the interspacecraft delay. The precision required in the estimation of
the delay could potentially be relaxed in a multi-link GRACE if pre-stabilised lasers are
used on both spacecraft. The 6 ns accuracy required to suppress the free-running laser
frequency displacement noise below the 30 nm/
√
Hz requirement could be relaxed by 3
orders of magnitude if pre-stabilised lasers are used.
With TDI, a multi-link GRACE will not need to phase lock the slave laser to the master2.
Therefore any error from cycle slips in the low SNR tracking will not be imposed on the
laser frequency of the slave laser. Consequently it is worth considering algorithms to locate
and remove the effect of cycle slips in the one-way link displacement measurements before
performing the multi-link combinations. Combined with the low SNR tracking results,
since it should be possible to track 1 fW signals while keeping the rate of cycle slips
low3, TDI could therefore allow the complete removal of cycle slips from the displacement
measurement.
If the LEGOP tests are performed on GRACE-FO then this will provide additional con-
firmation that TDI will benefit a multi-link GRACE.
7.1.3 Cancelling rotation coupled displacement noise using weighted av-
erages of multiple link measurements
One of the main motivations for the multi-link concept is that it allows errors from
rotation-to-pathlength coupling to be canceled in post-processing. This removes the need
to position and align the laser link accurately during spacecraft integration, potentially
simplifying the process.
In Chapter 6 an experimental demonstration of the multi-link concept was presented. In
the experiment a local spacecraft with 3 optical heads was emulated using traditional
optics. The signal from a distant spacecraft was modeled using a large collimated beam
incident on the optical heads. Rotation of the local spacecraft was added using a piezo
electric steering mirror. The displacement along the three optical head links was measured
using phasemeters and then in post-processing, combinations of the displacement measure-
2Although as noted earlier some low frequency phase locking may be needed to maintain the beatnote
is within the bandwidth of the detector
3And importantly avoiding any catastrophic runaway events leading to the phasemeter losing lock
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ments were found that canceled the noise due to pitch and yaw. The suppression of laser
frequency displacement noise and fibre pathlength fluctuations were also investigated.
The pitch and yaw of the local spacecraft were modeled by driving the tip and tilt of a piezo
electric steering mirror at two distinct frequencies. An optimisation algorithm was then
used to find the weights needed to minimise the rotation error. The error was suppressed
by up to 18 dB, down to the 1 nm/
√
Hz noise floor of the measurement. It is possible that
a multi-link GRACE could dither the spacecraft about its rotation axes and perform a
similar optimisation in order to determine the weights that suppress rotation-to-pathlength
coupled error in the synthesised displacement. One limitation of this however is that any
calibration tones will only be suppressed to the noise floor by the optimisation algorithms.
Therefore the feasibility of calibrating weights using spacecraft dithers depends on whether
the spacecraft dither can be made to be larger than the spacecraft attitude jitter. It is also
worth considering whether correlations between the measurements along each link could
be used in a similar way to update the weights in real time as measurements are made.
This will require additional work.
In addition to cancelling rotation-to-pathlength noise, tones were injected to test the
multi-link architecture’s ability to suppress both laser frequency displacement noise and
fibre pathlength noise. TDI combinations were formed that canceled the laser frequency
displacement noise and fiber noise by 36 dB and 18 dB respectively. This result, along
with the simulation and analysis in Chapter 5, show that these noise sources should not
limit the sensitivity in a multi-link GRACE.
The experiment also demonstrated the digitally enhanced heterodyne interferometry (DEHI)
scheme required to multiplex the link measurements. Although its use of orthogonal codes
in the optical head paths is similar to previous DEHI experiments [56, 92] the required
double demodulation to demultiplex makes the multi-link DEHI scheme non-trivial. While
double demodulations have been used in digitally enhanced homodyne interferometry [30]
this is the first time it has been demonstrated in a heterodyne interferometer. For each
link two delays had to be determined. Therefore, with the 3 optical heads in the demon-
stration, there were 12 delays that had to be found. These were found using a manual
search as described in Chapter 6, stepping through the decoding delays along each link
until the amplitude of the decoded beatnotes were maximised. In a multi-link GRACE
with 3 optical heads, 36 delays will need to be found. This could be simplified by matching
the paths in each optical head link. If the interferometer is built with equal optical head
pathlengths, the delay on the local code and delay on the distant code in each link will
be the same for all links. Therefore only 2 delays will need to be determined. Initial
acquisition of these delays however will remain a challenge. This could be aided using
pre-existing knowledge of the pathlengths and interspacecraft range or could potentially
benefit from an auxiliary acquisition code modulation similar to those used in GPS [131].
In the demonstration the optical heads were approximated using traditional optics and
the distant spacecraft was modeled as an ideal far-field signal using a large collimated
beam. Only rotation of the local spacecraft was modelled. As a next step it would be
valuable to test the cancellation of rotation-to-pathlength coupling using links formed
between multiple optical heads on each of the modeled spacecraft with rotation of both
spacecraft. This will further test the limits of DEHI as there will be at least 27 beatnotes
on each detector. The acquisition of the DEHI delays along each link will also require
more analysis and testing.
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Table 7.1: Summary of assumed link displacement noise spectra
Noise Assumptions
Displacement spectra
[m/
√
Hz]
Laser frequency
noise
Stabilised laser with
frequency stability
30 Hz/
√
Hz
1
f
Shot noise 1 fW received power ‘white’
DEHI noise
27 equal power beatnotes on
detector
‘white’
Fibre fluctuations ∼ 10 pm/√Hz at 1 Hz 1
f
Cyclic error
Rayleigh backscatter ∼ 1
dB/km at λ = 1064 nm
1
f
Rotation to
pathlength
coupling
Spacecraft attitude jitter = 3
mrad/
√
Hz, optical head
offset = 1 m
‘white’
7.2 Predicting the sensitivity of a multi-link GRACE
Now that the three challenges potentially preventing a multi-link GRACE have been ad-
dressed, the displacement sensitivity of a multi-link measurement is considered. In this
section the displacement sensitivity is predicted for a 3 optical head multi-link GRACE and
compared with the displacement sensitivity for GRACE-FO. This will inform a discussion
on the feasibility of a multi-link GRACE in the following section.
7.2.1 One-way link budget in a multi-link GRACE
A multi-link GRACE was modeled assuming 3 optical heads per spacecraft. For simplicity,
it was assumed that the optical heads were positioned in an equilateral triangle in the plane
of the spacecraft centre of mass, offset by 1 m. The noise sources that were considered are:
local and distant spacecraft laser frequency noise, shot noise, residual demodulation noise
from DEHI, fibre length fluctuations, rotation coupled error and cyclic error. Figure 7.1
shows the predicted one-way link budget with a summary of the assumed noise spectra in
Table 7.1.
The modeled one-way link budget shown in Figure 7.1 assumed many of the same para-
meters as the GRACE-FO laser ranging interferometer. The laser was assumed to have
a wavelength λ = 1064 nm and the FPGA sampling frequency fs and the DEHI pseudo
random noise chip frequency fchip were both assumed to be equal to the GRACE-FO ADC
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Figure 7.1: Predicted one-way link noise in multi-link GRACE. The assumed 3 optical head
configuration is shown. The root-power displacement spectral density curves are: stabilised laser
frequency displacement noise, rotation-to-pathlength coupling error, fibre length fluctuations, cyc-
lic error, shot noise and digitally enhanced heterodyne interferometry (DEHI) decoding noise. The
curves are based off GRACE-FO noise models. The total link noise is shown. The GRACE-FO
laser ranging interferometer sensitivity is shown for comparison.
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sampling frequency fs = fchip = 38.656 MHz [132].
Both the local and distant spacecraft lasers are modeled as nonlinear-planar ring oscillator
(NPRO) lasers or similar, stabilised by locking the laser frequency to the fibre reference
paths to give a frequency stability of 30 Hz/
√
Hz [31].
The shot noise in each link, given only a small fraction of the transmitted light reaches the
distant spacecraft, will be dominated by the local oscillator. Consequently the SNR will
scale inversely with the square root of the received signal power. Eq. 2.22 is used to model
the shot noise in a single link. The received power in each link is assumed to be Psig = 1
fW. This represents the minimum SNR expected in a multi-link GRACE, assuming worst
case misalignment of ±3 mrad between spacecraft.
The DEHI noise is from the undecoded beatnotes on the detector. With 3 optical heads
per spacecraft there will be 3 local oscillator fields and 9 interspacecraft signals resulting
in 27 beatnotes on each spacecraft detector. When a beatnote is decoded, the other 26
beatnotes on the detector will remain as spread-spectrum signals, adding white noise to the
displacement measurement. The resulting displacement noise has a root-power spectral
density:
δx˜DEHI(f) =
λ
2pi
√
1
fchip
(∑
Pk
Pi
) [
m√
Hz
]
(7.1)
where fchip is the chip frequency of the pseudo random noise code, Pi is the power of the
demodulated beatnote and
∑
Pk is the sum of the other beatnotes on the detector. This
equation is based off [29] however it has been modified to represent displacement noise
instead of phase noise and the sum is only over the undecoded beatnotes on the detector.
As an all-fibre interferometer, the multi-link architecture will be more compact, how-
ever, the one-way link measurements will be susceptible to fibre pathlength fluctuations.
Changes in the length and refractive index of the fibres will add noise to the displace-
ment measurement. These fibre fluctuations are difficult to model as they result from a
number of different effects including polarisation drift [133], acoustic vibrations [134] and
temperature fluctuations [135]. Temperature fluctuations are considered the fundamental
limit to the displacement sensitivity of an optical fibre interferometer however [136] indu-
cing a 1/f displacement noise. Based on experimental measurements of the displacement
noise in optical fibres at 1064 nm [137–139] the fibre fluctuations are modeled assuming a
root-power spectral density:
δx˜fibre(f) =
1× 10−11
f
[
m√
Hz
]
(7.2)
The cyclic error is caused by Rayleigh backscatter in the local fibre, interfering with the
incoming light from the distant spacecraft. The spurious beatnotes on the detector due to
backscatter will be at the same heterodyne frequency as the link beatnotes, adding cyclic
error to the measured displacement. While DEHI is able to suppress any spurious signals
originating from outside its range gate, any backscatter that occurs within 1 chip of the
optical head will not be suppressed. The size of the cyclic noise depends on the relative
amplitudes of the beatnote and spurious signal. An expression for cyclic noise was given
in Chapter 2. Figure 7.1 shows the cyclic noise assuming an optical head reflectivity of
4% due to Fresnel reflection and a Rayleigh backscatter power around 1 dB/km [68]. The
low frequency ‘shelf’ is a feature of cyclic noise: the 1/f fibre fluctuations saturate when
they are on the order of a wavelength.
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The cyclic noise in Figure 7.1 is a worst case estimate where it has been assumed the fibre
fluctuations within 1 chip of the optical head all add coherently to the cyclic error. In
practice, reflections could occur at many points in the fibre and are as likely to interfere
with each other as they are with the local oscillator. For this reason cyclic error is difficult
to model. Depending on the thermal stability of the fibre it may be possible that the size
of the fluctuations are also smaller than has been assumed. The fluctuations could be
lower if passive temperature stabilisation is implemented [31] or even an active pathlength
control [140].
The impact of cyclic noise on the displacement measurement could also be limited by
moving to faster chip rates, which would decrease the size of the DEHI range gate and
therefore the relative size of the fibre fluctuations. Alternatively, increasing the reflectivity
of the optical head or potentially using a different fibre or wavelength with a lower level of
Rayleigh backscatter would change the ratio of the optical head beatnote to the spurious
beatnote, suppressing the cyclic error. More work will need to be performed in order to
determine the best method.
The last noise curve in Figure 7.1 is the displacement noise due to spacecraft rotation
coupling. An analysis of the GRACE L1A star camera data has shown the spacecraft
rotation has an underlying white noise floor around 100 µrad/
√
Hz with peaks at frequen-
cies close to the harmonics of each spacecraft’s orbital period [94]. To simplify the model,
the spacecraft rotation is assumed to be have a white frequency spectrum with a higher
root power spectral density of 1 mrad/
√
Hz. Figure 7.1 shows the rotation-to-pathlength
displacement noise that would be measured at optical head A (OHA) due to yaw about
the z-axis, assuming the optical head is offset from the centre of mass by 1 m.
The one-way link budget has not included the effects of readout noise such as photodetector
noise, relative intensity noise of the lasers or quantisation noise in the analog-to-digital
converters. It is assumed that, like GRACE Follow-On [1], they will be considerably
smaller than the other noise sources.
7.2.2 Applying multi-link signal-processing to noise models
In Section 3.4, the signal processing required to recover the line-of-sight displacement from
8 interspacecraft measurements was presented. In a multi-link GRACE with 3 optical
heads there will be 18 link measurements. The steps required to transform these 18
one-way link measurements into a round-trip line-of-sight displacement can be found in
Appendix A. Round-trip combinations are formed along each link, suppressing the distant
spacecraft laser frequency displacement noise and fibre fluctuations on the two spacecraft.
The round-trip measurements are then added to two weighted averages to cancel the
rotation of both spacecraft. While laser frequency displacement noise, fibre fluctuations
and rotation coupled error are all suppressed, shot noise, DEHI noise and cyclic error are
uncorrelated in the different link beatnotes and therefore sum incoherently in the data
combinations. In this section a multi-link transfer function is derived for each noise source
in the one-way link measurements.
In the first stage of signal processing, simple TDI combinations are formed along each
link, subtracting a delayed copy of the spacecraft 2 measurement from the spacecraft
1 measurement, to obtain 9 round-trip displacement measurements. This requires an
estimate of the interspacecraft range4 and interpolation to synchronise the data [109].
4The pseudo random codes used for DEHI could be used to estimate the delay although another
possibility is to use a tone-assisted TDIR strategy as was described in Chapter 5
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The TDI combination is used to cancel laser frequency displacement noise from spacecraft
2 and the fibre fluctuations along the link. If there is an error in the range estimation
then the noise will not cancel completely. There are a number of reasons this could be the
case, some of the reasons are discussed in Section 7.2.4.
An error, ∆τ , in the estimate of the interspacecraft delay will result in residual laser
frequency displacement noise with a root-power spectral density given in Eq.5.1. In order
for the residual pre-stabilised, 30 Hz/
√
Hz, laser 2 noise to be below the 30 nm/
√
Hz
residual laser noise requirement for GRACE-FO [1] the interspacecraft delay would need
to be known to better than 1 ms. This is considerably higher than the required 6 ns in
the GRACE-FO LEGOP TDI experiment. This is a benefit of using pre-stabilised lasers
on both spacecraft.
In addition to the spacecraft 2 laser frequency displacement noise there will also be residual
pathlength noise due to errors in the estimation of τ . The fibre fluctuations are suppressed
by the transfer function:
HResFibre(f) = 2 sin(pif∆τ/2) (7.3)
The large interspacecraft time delays used in the TDI combinations will also affect the
frequency response of the other noise terms. The round-trip measurement of spacecraft 1
laser frequency displacement noise will be shaped by the following transfer function:
HRTLas(f) = 2 sin(2pifτ) (7.4)
where 2τ represents the round-trip interspacecraft delay equivalent to two passes along
the interspacecraft link.
The rotation-to-pathlength error is indistinguishable from interspacecraft displacement in
the round-trip measurement. It is assumed however that over the round-trip measurement
time (∼ 2 ms) the rotation does not change significantly and therefore a transfer function
is not applied to the rotation coupled error.
The other noise sources - shot noise, DEHI noise, and cyclic error - are assumed to be un-
correlated over the 18 link measurements. Therefore, in the round-trip TDI combination,
they sum incoherently. These noise terms have a gain:
HRTNoise(f) =
√
2 (7.5)
In the next two stages of signal processing successive weighted averages are performed to
cancel the rotation-to-pathlength error due to rotation of both spacecraft. The spacecraft
weights are normalised to ensure that the recovered centre of mass displacement has the
correct scaling for the displacement signal. Therefore the laser frequency displacement
noise will not be affected by the weighted average. The uncorrelated noise in each of the
round-trip measurements will however be affected by the weighted average. Assuming
the symmetric triangle optical head arrangement shown in Figure 7.1 the gain from each
weighted average will be:
HAvgNoise(f) =
√
3w =
1√
3
(7.6)
as equal weights - w = wA = wB = wC = 1/3 - can be used.
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The noise is suppressed assuming the optical heads surround the centre of mass. In Sec-
tion 3.5.4 there was a discussion about SNR penalties for using optical head configurations
that did not enclose the centre of mass. If this is the case then the gain of this transfer
function would be greater.
Therefore the uncorrelated noise - shot noise, DEHI noise, and cyclic error - will have a
total multi-link gain of:
HMLNoise(f) =
√
2
3
(7.7)
The weighted averages are used to cancel the rotation-to-pathlength error. In Section 3.5.3
the effect of an uncertainty in the optical head positions on the suppression of rotation-to-
pathlength error was considered. In the symmetric 3 optical head system, weights equal
to w = 1/3 are needed to cancel the error due to pitch and yaw. If the optical head A,
which only has error from yaw, moves by ∆z then the error due to unsuppressed yaw will
be:
δx˜ResYaw(f) = w∆zδθ˜yaw(f) (7.8)
7.2.3 Predicted centre of mass displacement sensitivity
Figure 7.2 shows a prediction of the noise in the synthesised centre of mass displacement
in a multi-link GRACE. The noise curves from Figure 7.1 have been shaped by applying
the transfer functions in the previous section to determine how they are affected by the
multi-link signal processing.
The laser 1 noise curve is the round-trip measurement of the laser 1 pre-stabilised frequency
displacement noise. The frequency response is shaped by Eq. 7.4 assuming a double-pass
of the inter-spacecraft delay 2τ ≈ 1.33 ms.
The residual laser 2 noise is found by applying Eq.5.1 to the laser noise trace shown in
Figure 7.1. The residual fibre fluctuations were estimated by applying Eq. 7.3 to the fibre
fluctuations in Figure 7.1. A 0.1 ms error in the delay estimate was assumed in both.
The shot noise, DEHI noise and cyclic error are the same as in Figure 7.1 however they
have been scaled by Eq. 7.7 to account for the fact that they will sum incoherently in the
multi-link signal processing.
The residual rotation-to-pathlength coupled noise is calculated using Eq. 7.8 assuming an
error of ∆z = 100 µm. This is the same precision required in the measurement of the triple
mirror assembly vertex following placement in GRACE-FO [17]. As Figure 7.2 shows, this
is the limiting noise in the displacement measurement. If the optical head position is offset
by more than this amount then the displacement error due to unsuppressed rotation will
be higher than the GRACE-FO sensitivity. Fortunately it should be possible to minimise
this error by refining the weights in post processing.
This analysis shows that even with a large error in the weights and imperfect cancellation
of the pathlength noise, the predicted displacement noise is below the GRACE Follow-On
displacement sensitivity requirement of 80 nm/
√
Hz.
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Figure 7.2: Predicted noise in the recovered centre of mass displacement in a multi-link GRACE
with 3 optical heads per spacecraft. The curves are: round-trip measurement of laser 1 frequency
displacement noise; residual laser 2 frequency displacement noise and fibre length fluctuations
assuming a TDI delay error of 0.1 ms; incoherent sum of optical shot noise, DEHI noise and cyclic
error from each link; and the residual rotation-to-pathlength error assuming an uncertainty in the
knowledge of the optical head position by 100 µm. The GRACE-FO laser ranging interferometer
sensitivity is shown for comparison.
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7.2.4 Design considerations that could limit displacement sensitivity
The multi-link interferometer has been designed to suppress the effects of laser frequency
noise, fibre fluctuations, spurious reflections and spacecraft rotation on the measured dis-
placement. As Figure 7.2 shows however practical limitations, such as errors in the delays
and weights used to form the different combinations, can reduce the amount of suppres-
sion. In this section, other uncertainties that could limit the suppression of these noise
sources are considered.
The DEHI multiplexing and suppression of backscatter can be affected by nonlinearities in
the optical modulation and detection of the encoded beatnotes. Nonlinearities in the EOM
phase modulation and bandwidth limitations in the detector can affect the rise and fall
times and duty cycle of the sampled pseudo random noise codes. This adds uncorrelated
high-frequency noise to the beatnote, which, although suppressed in the decoding, adds
white noise to the measurement. This can also affect the suppression of crosstalk between
link measurements, increasing the amount of cyclic error. The nonlinearities and band-
widths should be considered when selecting the EOM, detector and any other components
that may filter the code.
In the TDI round-trip combinations, one-way link measurements will be temporally aligned
using an estimate of the interspacecraft delay. In Section 3.4 it was assumed that the delay,
τ , was the same in both directions along the multiple interspacecraft links. In practice,
relative spacecraft motion and errors in the clock synchronisation between spacecraft will
mean that this is not always the case. Further, as Figure 7.2 shows, any error in the
estimates of τ used in the TDI combinations will limit the suppression of the laser frequency
and pathlength noise. These issues have been well studied for the LISA mission [109,
141]. With fractional delay filters [124], one-way link measurements can be interpolated
towards common time stamps, removing the need for precise clock synchronisation. Given
the similarities between the GRACE Follow-On laser ranging interferometer and the LISA
mission designs it is possible that a multi-link GRACE could benefit from this extensive
body of work. However there are differences that mean further analysis will be needed.
Compared with LISA, a GRACE-like mission will have much larger spacecraft dynamics
which may make it difficult to determine the delay with relative spacecraft motion. In
Chapter 5, a TDI combination was proposed for testing the technique on GRACE-FO. In
order to suppress the free-running laser noise below the required 80 nm/
√
Hz displacement
sensitivity, the interspacecraft delay, τ , had to be known to better than 6 ns. For the
delays measured in both directions along a single link to be different by more than 6
ns, the relative spacecraft velocities would need to be over 100 times larger than those
experienced by the GRACE spacecraft [27]. In Section 7.2.3, this requirement on τ was
relaxed to 1 ms assuming pre-stabilised lasers were used. Therefore the analysis assuming
equal time of flight delays along all links should be sufficient.
It is possible that a multi-link GRACE could also benefit from techniques developed for
the GRACE microwave ranging. The GRACE dual one-way ranging (DOWR) microwave
measurement [6] is similar to the proposed round-trip link measurement. In the DOWR
combination, GPS data is used to interpolate one-way microwave measurements to achieve
a time-tag synchronization with an error less than 100 ps [142].
This discussion is intended to demonstrate the feasibility of a multi-link GRACE however
it is non-exhaustive. In addition to the issues presented there are other details, that
have not been discussed in this thesis, that could potentially limit the sensitivity. The
noise sources that have been discussed however are considered the dominant noise sources.
Those that have not are implementation specific but should be analysed if a multi-link
GRACE is considered further.
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7.3 Evaluation
The interferometer architecture presented in this thesis has been used to demonstrate the
multi-link concept and investigate the feasibility of a multi-link GRACE.
The results of the three experiments in Chapters 4- 6 address the main challenges of
a multi-link GRACE outlined in Chapter 3 and the predicted displacement sensitivity
in Section 7.2 confirms the multi-link concept is able to recover comparable sensitivity
to GRACE-FO under similar conditions. Table 7.2 summarises the main results of the
experiments and simulation, as well as outlining plans for future testing.
Table 7.2: Summary of experimental and simulation results and plans for future testing
Result(s) Future
Low SNR tracking
experiment
30 fW tracking, 1 fW
prediction
1 fW tracking
TDI on GRACE
experiment
Laser noise below
30 nm/
√
Hz
TDI GRACE-FO
demonstration
Multi-link concept
experiment
Rotation error
suppressed by ∼ 20 dB
Rotation of both
spacecraft
Multi-link GRACE
simulation
Recovered GRACE-FO
80 nm/
√
Hz
displacement sensitivity
Simulate with
implementation specific
noise
While considerably more testing and development is needed before a multi-link GRACE
can be realised, the results from the experiment and simulation are promising. Table 7.2
outlines plans for future testing: In the low SNR tracking experiment the 30 fW free-
running tracking verified the bandwidth analysis, however a multi-link GRACE will use
pre-stabilised lasers and require 1 fW tracking, necessitating a tracking experiment at 1 fW.
In the TDI GRACE experiment, an algorithm was developed to test TDI on GRACE. The
real value for LISA and a multi-link GRACE however will come from an actual test of TDI
on GRACE-FO. Finally, although the test of the multi-link concept showed both the pitch
and yaw of a spacecraft could be cancelled by combining multiple link measurements, a
multi-link GRACE would potentially have both spacecraft rotating simultaneously, requir-
ing the technique to be tested with rotation of both spacecraft. The simulated multi-link
GRACE was able to match the displacement sensitivity of the GRACE-FO laser ran-
ging interferometer assuming various errors in the delays and weights used to cancel the
noise in post-processing. A more comprehensive simulation should be performed including
implementation specific noise to add to this result.
The multi-link GRACE concept that was presented – with its DEHI multiplexing, time
delay interferometry laser frequency displacement noise suppression and a passive acquis-
ition strategy – has a number of benefits, many of which have been discussed throughout
this thesis. One aspect that has not been discussed are the hardware requirements when
compared with the GRACE-FO laser ranging interferometer. Comparing the multiplexed
multi-link GRACE concept with the GRACE-FO laser ranging interferometer, instead
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of the 4 analog-to-digital converters (ADCs) required for the quadrant photodiodes used
in the differential wavefront sensing, with DEHI only 1 ADC and one detector will be
needed per spacecraft reducing the power requirements. Multiplexing also means all of
the detected signals will have common electronic and ADC noise.
In order to cancel both pitch and yaw5 a minimum of 3 optical heads would be needed
per spacecraft. This would require a total of 9 laser links and therefore a minimum
of 9 phasemeter channels per spacecraft. While this is double the number required on
the GRACE-FO laser ranging interferometer it is less than current LISA designs will
require [143] and well within the capabilities of a single space qualified Field Programmable
Gate Array (FPGA) [45]. With the exception then of a larger FPGA, and the electro-
optic modulators (EOMs) used in the DEHI, the electronics could be the same as those
on GRACE-FO. The GRACE-FO detector and 38.656 MHz [132] ADC would both be
sufficient.
A multi-link GRACE therefore appears to be a promising candidate for a next generation
GRACE mission. It is worth noting that the multi-link GRACE implementation presented
in this thesis is intended only as a guideline for how a multi-link interferometer could be
implemented and should not be considered a final design. Although the three experiments
have retired the main areas of risk identified in Chapter 3 it is possible that other imple-
mentations of a multi-link GRACE that have not been discussed in this thesis could be
more practicable.
7.4 Chapter summary
In this chapter the multi-link GRACE concept was evaluated based on the experimental
results from Chapters 4-6 and a multi-link GRACE simulation.
In the first part of the chapter the results of the low SNR tracking experiment, TDI on
GRACE-FO experiment and the multi-link concept demonstration were discussed. The
discussion focused on the key results for each experiment and whether the risk outlined in
Chapter 3 was retired. While all results were found to address the challenges of the multi-
link GRACE concept, additional work was outlined that needs to be performed before all
risk can be retired.
A predicted noise budget for a multi-link GRACE was then presented. Starting with the
anticipated noise in each one-way link measurement, the effect of the multi-link signal
processing on each noise source was analysed in order to predict the displacement sens-
itivity of the recovered centre of mass displacement. In this prediction the contributions
from laser frequency noise, fibre fluctuations, cyclic error, shot noise, DEHI code noise
and rotation-to-pathlength error were all considered. The prediction indicated that all
of the noise sources should be suppressed below the GRACE-FO displacement sensitivity
requirement of 80 nm/
√
Hz even when allowing for significant uncertainties in the delays
and weights used to form the combinations.
With the results of the experiments and a predicted noise budget indicating a multi-
link interferometer is a viable architecture for a next-generation GRACE, the future of
the multi-link GRACE concept was considered. Although the architecture is promising,
several additional tests were outlined that must be addressed before a multi-link GRACE
is realised.
5Roll is a second order effect and can be ignored, as was explained in Section 3.5.1
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Conclusions, further work and
other applications
In this chapter the main conclusions of this thesis are presented, areas that require addi-
tional work are discussed and possible alternate applications of the multi-link interfero-
metry architecture are indicated.
8.1 Conclusion
In this thesis a new interferometer architecture designed specifically to address some of the
challenges of current space-based interferometer designs was investigated. The multi-link
interferometry architecture aims to relax the strict requirements placed on the positioning
and alignment of interferometers during spacecraft integration. Any error in either will lead
to rotation of the spacecraft coupling into the interspacecraft displacement measurement.
The multi-link concept uses this to its advantage. The displacement between spacecraft is
measured along several interspacecraft links, spatially separated so that they experience
different coupling from spacecraft rotation. With knowledge of the relative positions of
the links it is possible to find a linear combination of these measurements that cancels the
rotation-to-pathlength error.
Taking advantage of the geometric suppression of rotation-to-pathlength coupling the
multi-link concept is similar to the retroreflector based triple mirror assembly used in
GRACE-FO. Where the two differ and where the multi-link interferometer shows its
strength is that the suppression of rotation-to-pathlength error is performed in post-
processing. Forming a linear combination of individual interspacecraft link measurements
in post-processing, the rotation-to-pathlength error can be cancelled by modifying the
weight of each measurement. The positioning of the links during spacecraft integration is
therefore not important as any errors can be corrected in post-processing, optimising the
weights to obtain maximum suppression of the rotation coupled error.
A next generation GRACE mission was investigated as a potential platform for a multi-
link interferometer. In the proposed multi-link GRACE, the interferometer is all-fibre
using multiple optical heads on each spacecraft to form the multiple interspacecraft links.
The reflections off the optical heads are used as a reference to measure and subtract off
the fibre fluctuations with digitally enhanced heterodyne interferometry used to multiplex
the signals from each link. In order to simplify the interferometer further, laser frequency
displacement noise suppression is also performed in post-processing using time delay in-
terferometry (TDI). Unlike GRACE-FO, link acquisition is performed passively, relying
on star camera based alignment alone, and higher divergence beams.
137
8.1 Conclusion
This implementation, although simplifying the design and implementation of the interfer-
ometer, also raised a number of challenges: Without an active link acquisition strategy
the effective received power in each link on the distant spacecraft could be as low as a few
femtowatts; the TDI used in the laser frequency displacement noise suppression has only
been tested in LISA configurations with 3 spacecraft and not between 2 spacecraft as in
GRACE; and the suppression of rotation-to-pathlength error using a linear combination
of multiple link measurements has not been demonstrated. Experiments were devised to
resolve these three challenges with the results presented in Chapters 4-6.
In the first experiment a phasemeter was used to track signals with low signal-to-noise
ratios. The control bandwidth in the phasemeter was optimised based on an analysis
of the dominant noise sources affecting the tracking of a shot noise limited, free-running
signal. With a controller design based on this analysis, a 30 fW, free-running signal
was tracked in a benchtop experiment. The analysis indicated that optical signals as
weak as 1 fW could be tracked using a 2 kHz bandwidth, provided the lasers were pre-
stabilised. In addition to validating the steering free acquisition strategy this result also
could potentially enable alternate gravitational wave concepts such as LAGRANGE [129]
that rely on spacecraft separations as large as 100 million km and therefore have much
lower received signal powers than anticipated on LISA.
In the second experiment, a TDI combination was proposed for a GRACE-like inter-
ferometer. This not only verified TDI could be used in a multi-link GRACE for laser
frequency displacement noise suppression but could also be used as a possible test of TDI
on GRACE-FO as part of the LEGOP project. The TDI experiment used tone-assisted
time delay interferometric ranging (TDIR) to find the delay needed to cancel laser fre-
quency displacement noise from the laser on one spacecraft. In an experimental test of the
algorithm, free-running laser noise was suppressed by 8 orders of magnitude, recovering
the same displacement sensitivity as a phase locked system. If used as part of a TDI test
on GRACE-FO, this algorithm could demonstrate TDI with a macroscopic, time varying
delay proving unequivocally the technique will work on LISA. A TDI scheme compatible
with the GRACE-FO interferometer also could be used as a redundancy, extending the
mission lifetime if the phase locking were to fail.
The third experiment was possibly the most important for a potential multi-link GRACE,
testing the multi-link concept itself. A benchtop model of a multi-link interferometer was
constructed using 3 optical heads. Using a weighted average of 3 link measurements, pitch
and yaw coupled error were shown to cancel without affecting the displacement signal.
This experiment also demonstrated other elements of the multi-link architecture with laser
frequency displacement noise and fibre fluctuations cancelled using a TDI combination.
It also demonstrated the double demodulation DEHI scheme required to demultiplex the
beatnotes on each spacecraft.
The results of these three experiments resolved the main challenges that were raised in
the discussion of the multi-link GRACE concept. Combined with a prediction of the
displacement sensitivity of a multi-link GRACE, these results verify the feasibility of the
architecture. More testing and development is needed however before a multi-link GRACE
can be realised: fW tracking with stabilised lasers; a TDI demonstration on GRACE-FO;
and suppression of rotation-to-pathlength coupling with more interspacecraft links are just
some of the results that are needed before a multi-link architecture should be considered for
a next generation GRACE mission. The architecture is however a promising candidate for
next generation interspacecraft laser interferometry missions, offering a way to drastically
simplify the positioning and alignment during spacecraft integration.
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8.2 Further work
Before a multi-link GRACE mission can be realised, more analysis and testing will be
required. In addition to the tests outlined in Section 7.3, alternate multi-link implement-
ations should be investigated and the optical head(s) should be designed and tested.
In this section, some of the work needed to take multi-link interferometry from concept
through to mission architecture is discussed. This includes additional tests of the core
challenges, investigating some variations on the multi-link interferometry architecture,
and continuing the work that has started on the optical head.
8.2.1 Additional tests of core challenges
In Section 7.1 the results of the three experiments presented in this thesis were discussed.
From this discussion a number of additional tests were highlighted that need to be ad-
dressed before a multi-link GRACE can be considered viable. Further work on the multi-
link GRACE concept must address the following:
Experimental verification of 1 fW tracking
In Chapter 4 it was predicted that with pre-stabilised lasers a 1 kHz bandwidth
could be used to track a 1 fW signal with a cycle slip rate less than 10−6 cycle
slips per second. This was not tested as part of this thesis due to the un-
availability of frequency stabilised lasers, however it needs to be experimentally
verified.
Verify GRACE TDI combination
Although it has been demonstrated in a benchtop experiment as described
in Chapter 5, if the tone-assisted TDIR experiment developed as part of the
LEGOP project is tested on GRACE-FO this will help to verify TDI as a viable
frequency suppression technique in a multi-link GRACE. This will also confirm
TDI can be used with large relative spacecraft motion.
Test multi-link concept with two optical head arrays
As an extension of the experiment described in Chapter 6 the multi-link inter-
ferometer should be tested with two modeled spacecraft, each with three optical
heads. This will allow the cancellation of rotation-to-pathlength coupling to be
tested with 18 links. In addition to confirming the rotation of both spacecraft
can be canceled in post processing, this can also be used to test both the link
and DEHI code acquisition that will be needed in a multi-link GRACE.
8.2.2 Investigate alternate multi-link configurations
In addition to these core tests, alternate multi-link configurations should also be investig-
ated. The multi-link GRACE presented in this thesis is an example implementation that
has been used to explain the multi-link architecture. The multi-link interferometer concept
could however be implemented in a number of ways. Other implementations should be
considered in order to determine the optimum implementation.
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At its core the multi-link architecture uses multiple interspacecraft displacement meas-
urements to synthesise a centre of mass displacement in post-processing. While the im-
plementation discussed in this thesis used time delay interferometry to suppress the laser
frequency displacement noise, digitally enhanced heterodyne interferometry to multiplex
signals and did not use a dedicated acquisition strategy, there are alternate implementa-
tions. For example the multi-link technique could also work with offset phase locked lasers,
using different heterodyne frequencies and separate detectors in each link, to multiplex.
Figure 8.1 shows such an implementation. In the figure, spacecraft 2 is shown. In each
optical head path an acousto-optic modulator (AOM) is used to shift the frequency. Each
AOM on the spacecraft would shift the light by a different frequency to allow the links
to be distinguished on the distant spacecraft. Each path has a separate detector to avoid
double passing the AOMs. This could also be achieved using a single detector in the re-
turn path, however separating the 9 beatnotes on the detector may be more difficult. The
displacement measured along one of the links is used to phase lock the spacecraft 2 laser
to the pre-stabilised spacecraft 1 laser, minimising the impact of laser frequency noise in
the displacement measurements.
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Figure 8.1: An alternate multi-link GRACE implementation. Time delay interferometry and
digitally enhanced heterodyne interferometry can be replaced with phase locking on spacecraft 2
and acousto-optic modulators with separate detectors in each link to multiplex the optical head
signals.
Using multiple detectors and separate return paths for each optical head path may avoid
some of the complications with a TDI/DEHI based multi-link interferometer. This ap-
proach however is hardware intensive as the number of detectors per spacecraft will scale
with the number of links. Relying on different heterodyne frequencies in each arm to
distinguish between links on the distant spacecraft may also be complicated by doppler
shifts due to relative spacecraft motion. Fortunately, the doppler will shift the frequency
in each arm by approximately the same amount, therefore it should be possible to use an
FFT based acquisition to determine the frequency of each beatnote.
This is one example of an alternate implementation. Other modifications could include
using digitally enhanced homodyne interferometry [30] for multiplexing, link acquisition
similar to the GRACE-FO scheme [13, 14], or even using a larger number of optical heads
per spacecraft to sense additional degrees of freedom. These alternate implementations
should be considered in the further design of a multi-link GRACE.
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8.2.3 Building an optical head
In Chapter 6, the suppression of rotation-to-pathlength coupling was investigated using a
optical head approximated with traditional optics. An alternative to positioning multiple
optical heads on each spacecraft is to have a compact, multi-element device attached to
one side of the spacecraft. This would allow the spacecraft integration to be simplified
further. The signal-to-noise ratio of the synthesised centre of mass measurement will
however suffer, as discussed in Section 3.5.4.
In parallel to the work described in this thesis a compact 3 element optical head has been
developed in collaboration with OptoFab at Macquarie University using 3D laser writing
in a glass waveguide chip [144].
Figure 8.2 shows microscope images of the input and output interfaces of the chip. The
waveguide chip is used to remap a 1-Dimensional array of fibres (a) into a 2-dimensional
configuration of emitters (b). In addition to the triangular configuration that has been
considered throughout this thesis, additional emitters have been added to allow different
combinations to be tested.
To use a waveguide chip in a multi-link GRACE, since the optical head is both an emitter
and receiver, the output interface needs to be collimated. In Figure 8.3 the waveguide
optical head prototype is shown. A v-groove array of fibres and a 30 µm microlens array
have been bonded to the waveguide chip using UV curing glue. The waveguide assembly
has also been mounted on a glass slide to provide strain relief to the fibres.
The waveguide technology is promising as a way to miniaturise the multi-link interfero-
meter but it needs testing to determine if it is robust for launch. Although early testing
has shown comparable suppression of rotation-to-pathlength coupling to that reported in
Chapter 6 further testing is required. This prototype multi-link GRACE optical head is
also very premature and it is envisioned that more of the interferometer architecture could
be incorporated into the waveguide chip. At current the EOMs needed for the pseudo ran-
dom noise modulation are in fibre, with fibre splitters used to split the laser between the
different optical head paths. A more compact optical head design could do the splitting
and phase modulation in the glass [145].
8.3 Other applications
In addition to GRACE-FO there are a number of space-based laser interferometry mis-
sions that have been proposed, at various stages of development - the Laser Interferometer
Space Antenna (LISA) [20, 146], the Deci-hertz Interferometer Gravitational wave Obser-
vatory (DECIGO) [22, 147], the Astrodynamical Space Test of Relativity using Optical
Devices (ASTROD) [21, 97] and the Big Bang Observer [148, 149]. Compared with the
GRACE-FO laser ranging interferometer these interferometry missions will be even more
challenging since their designs require additional spacecraft and longer baselines. It is
worth considering whether a multi-link architecture could be used to simplify any of these
mission designs.
In addition to space-based interferometry, the architecture presented in this thesis could
potentially be used for other applications. In this section two alternate applications of the
multi-link architecture are considered: test mass position readout and suspension point
interferometry.
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(a) Input waveguide interface
(b) Output waveguide interface
Figure 8.2: Microscope images of the input and output interfaces of the optical head waveguide
chip. Note the different scales. In (a) the interface with the v-groove array is shown. The fibres
in the array are arranged in a 1-Dimensional array with a separation of 250 µm. In (b) the
output interface is shown. The three emitters in the triangle are offset from the centre by 60 µm.
The additional emitters have been added to test the SNR scaling when different combinations of
emitters are used to recover the centre of mass displacement.
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Figure 8.3: Waveguide optical head assembly. A 3-dimensional laser written chip is used to map
the output of a 1-dimensional v-groove fibre array into the triangular optical head configuration.
A hexagonal microlens array with 30 µm pitch has been bonded to the front of the waveguide chip
to collimate the output of each emitter.
8.3.1 Test mass readout
With 3 or more optical heads it has been shown that a multi-link interferometer is sensitive
to the pitch and yaw of an incoming wavefront. Although the multi-link interferometry
concept uses a weighted average to cancel any pitch and yaw coupled error, it is possible
that a multi-link architecture could be used in applications where differential wavefront
sensing is required. One example of this is multi-degree of freedom readout of a test
mass. This is important for intraspacecraft measurements in LISA [146], can be used as
an auxiliary measurement in ground based detectors [150], and could even be used to build
more sensitive accelerometers [151].
In [152] a number of different optical techniques, including DEHI and DEHoI, as well
as deep phase modulation [153] and deep frequency modulation [154] were compared as
potential techniques for multi-degree of freedom test mass position readout. It was noted
that since quadrant photodiodes weren’t available at GHz frequencies DEHI was incom-
patible with a differential wavefront scheme and that multiple longitudinal measurements
would be needed to measure any tilt of the test mass.
The multi-link architecture is able to do exactly this. While it would require some modi-
fications at the input, a multi-degree of freedom test mass readout could be realised using
the waveguide chip described in Section 8.2.3 and some slight modifications to the signal
processing described in Chapter 3.
Figure 8.4 shows an example multi-degree of freedom test mass readout system using the
multi-link optical head waveguide. Since the system only uses one-side of the GRACE
multi-link interferometer, the reflections off the optical head and test mass will have the
same frequency. An acousto-optic modulator (AOM) has been added to provide a local
oscillator for the reflections to beat with. In a test mass readout the sensors will need
to be placed close to the test mass. Therefore any cross-coupling between optical heads
will be minimal and GHz EOMs will be needed to obtain range gates of at most a few
centimetres.
On the detector there will be 6 beatnotes: 3 reference reflections from the optical head
and 3 reflections off the test mass. Each beatnote will have 2 PRN modulations from
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Figure 8.4: Using the multi-link architecture for multi-degree of freedom test mass readout.
Adding a local oscillator path it is possible to measure the displacement x(t) and rotation θpitch(t)
and θyaw(t) of a test mass. Additional sensors need to be added to measure the remaining test
mass degrees of freedom.
the double-pass of the EOM. The fibre fluctuations along each optical head path can be
cancelled by subtracting the displacement measured from the reference beatnotes from
the test mass measurements. Assuming the optical heads are arranged in an equilateral
triangle with each optical head offset from the centre by d m the displacement along the
three links, once fibre fluctuations have been cancelled, will be:
xA(t) ≈ x(t) + d · θpitch(t) (8.1)
xB(t) ≈ x(t)− d/2 · θpitch(t)− d
√
3/2 · θyaw(t) (8.2)
xC(t) ≈ x(t)− d/2 · θpitch(t) + d
√
3/2 · θyaw(t) (8.3)
The test mass rotations are assumed to be small and therefore the optical heads are to first
order only sensitive to the displacement, x(t), and the pitch and yaw of the test mass1.
The rotation is canceled using a weighted average to find an estimate of the displace-
ment, x(t). If this estimate, ˆx(t), is subtracted from the optical head measurements then
combinations can be formed to extract measurements of the pitch and yaw:
θˆpitch(t) =
xA(t)− xˆ(t)
d
(8.4)
θˆyaw(t) =
xC(t)− xB(t)√
3
(8.5)
Three degrees of freedom – translation, x(t), and rotations, θpitch(t) and θyaw(t) – have
been measured using three optical heads. In Figure 8.4, one waveguide with 3 optical
heads is shown. Two more will need to be positioned on the orthogonal faces of the test
mass in order to sense all degrees of freedom. Since one 3-link interferometer is able to
sense 1 translational degree of freedom and 2 rotational degrees of freedom, there will be
some redundancy in the measurements.
1To simplify the equations it is assumed that the centre of the triangle is aligned with the centre of
mass of the test mass. If this is not the case then different weights would be used in the following step.
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In this analysis it was assumed that the rotations of the test mass are small and therefore
second order effects have been ignored. More analysis is needed to determine if this is a
reasonable assumption. If it is found that it is not reasonable then more optical heads
may be needed to decouple these additional degrees of freedom. Regardless this analysis
has shown that a multi-degree of freedom test mass readout could be realised using the
multi-link architecture.
8.3.2 Suspension platform interferometry
A multi-degree of freedom test mass readout such as the one described in the last section,
could be used to measure relative motion between two optical benches. Alternatively, the
same could be achieved using optical head assemblies on both benches and measuring the
relative motion using a measurement scheme more comparable to the multi-link GRACE.
Suspension platform interferometry (SPI) [150] is used to suppress relative motion between
optical benches in order to reduce the load on suspension isolation systems and, in the
process, make large scale interferometers such as LIGO [155] easier to lock. Since SPI
requires active feedback to the optical benches the multi-link signal processing, which up
to this point has been performed in post-processing, will need some modification.
In SPI, the bench separations will be typically on the order of 10 m. Therefore the time
of flight delays are negligible, removing the need to perform time delay interferometry.
Instead the laser frequency displacement noise can simply be cancelled by subtracting
the displacements measured on one bench from the displacements measured on the other
bench. This, as well as the weighted averages required to estimate the relative rotation of
the benches, could be performed in real-time with a measurement update rate well above
the 100 Hz bandwidth such systems require [150].
Similar combinations to those described in the last section could be used to measure the
relative motion of the optical benches. To sense all degrees of freedom, as was the case
with the test mass readout, multiple 3-optical head sensors would be needed.
More analysis and testing will be needed to determine if a multi-link architecture can
be used for SPI and whether it can provide competitive sensitivity when compared with
existing systems [150, 156, 157].
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Appendix A
Synthesising the line-of-sight
displacement in a multi-link
GRACE
In Chapter 3 the signal processing steps required to synthesise the centre of mass dis-
placement xcm(t) from 8 one-way link measurements was presented. A multi-link GRACE
mission would require at minimum 3 optical heads per spacecraft to be sensitive to both
the pitch and yaw of the spacecraft. In this appendix the signal processing steps required
to recover the centre of mass from 18 one-way displacement measurements is presented.
A.1 Optical layout of a multi-link GRACE
The optical layout for a multi-link GRACE is shown in Figure A.1 (a). Both spacecraft
have 3 optical heads resulting in a total of 18 interspacecraft link measurements. Using
the notation introduced in Chapter 3, the spacecraft 2 displacement measurements along
each link are shown.
Figure A.1 (a) shows a top-down view of each spacecraft. In a multi-link GRACE the
optical heads will need to be positioned in a 2-dimensional configuration to be sensitive
to both pitch and yaw of the spacecraft. Figure A.1 (b) and (c) show the coordinates of
the optical heads relative to the centre of mass on each spacecraft. The offsets in y and
z lead to coupling from pitch and yaw respectively. The optical heads are shown in an
equilateral triangle, centered on the centre of mass. Provided the offsets in y and z are
kept general, the following analysis will apply to any optical head configuration.
A.2 One-way link measurements in a multi-link GRACE
Using the electro-optic modulators in Figure A.1 (a), pseudo random phase modulations
applied on both spacecraft are used to perform digitally enhanced heterodyne interfero-
metry (DEHI) multiplexing. On a field programmable gate array (FPGA) the multiple
link beatnotes are demultiplexed and phasemeters are used to measure the displacement.
Assuming the frequency of the spacecraft 1 laser is larger than spacecraft 2 – fL1 > fL2
– and spacecraft rotation is small – |θpitch1(t)|, |θyaw1(t)|, |θpitch2(t)|, |θyaw2(t)| << 1 – on
spacecraft 1 the displacement measured along the link between optical head 1A and optical
head 2A will be:
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Figure A.1: Multi-link GRACE optical layout. In (a) the displacement noise along each of the
18 interspacecraft links is shown. In (b) and (c) the optical head positions are shown relative to
the centres of mass of the two spacecraft.
x1:AA(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1A(t)−∆x2i(t− τ)−∆x2A(t− τ)
− xR(t)− y1Aθy1(t) + z1Aθp1(t) + y2Aθy2(t− τ)− z2Aθp2(t− τ)
(A.1)
where the displacement equivalent laser frequency noise from the laser on spacecraft 1
is xL1(t); the laser 2 displacement equivalent frequency noise is xL2(t); ∆x1i(t), ∆x1A(t),
∆x2i(t) and ∆x2A(t) are the fibre pathlength fluctuations shown in Figure A.1 (a); xR(t) is
the interspacecraft displacement signal; and y1Aθy1(t), z1Aθp1(t), y2Aθy1(t) and z2Aθp1(t)
are the rotation-to-pathlength coupled error from spacecraft 1 pitch θp1(t) and yaw θy1(t)
and spacecraft 2 pitch θp2(t) and yaw θy2(t) that have been calculated using Eq. 1.1
assuming small angles. The signals from spacecraft 2 are delayed by the interspacecraft
delay τ .
The other one-way displacement measurements made on spacecraft 1 are:
x1:AB(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1A(t)−∆x2i(t− τ)−∆x2B(t− τ)
−∆xR(t)− y1Aθy1(t) + z1Aθp1(t) + y2Bθy2(t− τ)− z2Bθp2(t− τ)
(A.2)
x1:AC(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1A(t)−∆x2i(t− τ)−∆x2C(t− τ)
− xR(t)− y1Aθy1(t) + z1Aθp1(t) + y2Cθy2(t− τ)− z2Cθp2(t− τ)
(A.3)
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x1:BB(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1B(t)−∆x2i(t− τ)−∆x2B(t− τ)
− xR(t)− y1Bθy1(t) + z1Bθp1(t) + y2Bθy2(t− τ)− z2Bθp2(t− τ)
(A.4)
x1:BA(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1B(t)−∆x2i(t− τ)−∆x2A(t− τ)
− xR(t)− y1Bθy1(t) + z1Bθp1(t) + y2Aθy2(t− τ)− z2Aθp2(t− τ)
(A.5)
x1:BC(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1B(t)−∆x2i(t− τ)−∆x2C(t− τ)
− xR(t)− y1Bθy1(t) + z1Bθp1(t) + y2Cθy2(t− τ)− z2Cθp2(t− τ)
(A.6)
x1:CC(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1C(t)−∆x2i(t− τ)−∆x2C(t− τ)
− xR(t)− y1Cθy1(t) + z1Cθp1(t) + y2Cθy2(t− τ)− z2Cθp2(t− τ)
(A.7)
x1:CA(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1C(t)−∆x2i(t− τ)−∆x2A(t− τ)
− xR(t)− y1Cθy1(t) + z1Cθp1(t) + y2Aθy2(t− τ)− z2Aθp2(t− τ)
(A.8)
x1:CB(t) = xL1(t)− xL2(t− τ) + ∆x1i(t) + ∆x1C(t)−∆x2i(t− τ)−∆x2B(t− τ)
− xR(t)− y1Cθy1(t) + z1Cθp1(t) + y2Bθy2(t− τ)− z2Bθp2(t− τ)
(A.9)
Travelling in the reverse direction along each link, the following one-way displacement
measurements are made on spacecraft 2:
x2:AA(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1A(t− τ)−∆x2i(t)−∆x2A(t)
+ xR(t) + y1Aθy1(t− τ)− z1Aθp1(t− τ)− y2Aθy2(t) + z2Aθp2(t)
(A.10)
x2:AB(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1A(t− τ)−∆x2i(t)−∆x2B(t)
+ ∆xR(t) + y1Aθy1(t− τ)− z1Aθp1(t− τ)− y2Bθy2(t) + z2Bθp2(t)
(A.11)
x1:AC(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1A(t− τ)−∆x2i(t)−∆x2C(t)
+ xR(t) + y1Aθy1(t− τ)− z1Aθp1(t− τ)− y2Cθy2(t) + z2Cθp2(t)
(A.12)
x2:BB(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1B(t− τ)−∆x2i(t)−∆x2B(t)
+ xR(t) + y1Bθy1(t− τ)− z1Bθp1(t− τ)− y2Bθy2(t) + z2Bθp2(t)
(A.13)
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x2:BA(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1B(t− τ)−∆x2i(t)−∆x2A(t)
+ xR(t) + y1Bθy1(t− τ)− z1Bθp1(t− τ)− y2Aθy2(t) + z2Aθp2(t)
(A.14)
x2:BC(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1B(t− τ)−∆x2i(t)−∆x2C(t)
+ xR(t) + y1Bθy1(t− τ)− z1Bθp1(t− τ)− y2Cθy2(t) + z2Cθp2(t)
(A.15)
x2:CC(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1C(t− τ)−∆x2i(t)−∆x2C(t)
+ xR(t) + y1Cθy1(t− τ)− z1Cθp1(t− τ)− y2Cθy2(t) + z2Cθp2(t)
(A.16)
x2:CA(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1C(t− τ)−∆x2i(t)−∆x2A(t)
+ xR(t) + y1Cθy1(t− τ)− z1Cθp1(t− τ)− y2Aθy2(t) + z2Aθp2(t)
(A.17)
x2:CB(t) = xL1(t− τ)− xL2(t) + ∆x1i(t− τ) + ∆x1C(t− τ)−∆x2i(t)−∆x2B(t)
+ xR(t) + y1Cθy1(t− τ)− z1Cθp1(t− τ)− y2Bθy2(t) + z2Bθp2(t)
(A.18)
where now the signals from spacecraft 1 are delayed by the interspacecraft delay τ .
A.3 Round-trip link measurements in a multi-link GRACE
From the 18 one-way displacement measurements, 9 round-trip measurements are formed
using the simple time delay interferometry combination given in Eq. 3.33. Using the
measurements at the end of each link and an estimate of the interspacecraft delay the
following round-trip measurements can be formed to cancel spacecraft 2 laser frequency
noise and the fibre fluctuations:
xAA(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Aθy1(t) + 2z1Aθp1(t) + 2y2Aθy2(t− τ)− 2z2Aθp2(t− τ)
(A.19)
xAB(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Aθy1(t) + 2z1Aθp1(t) + 2y2Bθy2(t− τ)− 2z2Bθp2(t− τ)
(A.20)
xAC(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Aθy1(t) + 2z1Aθp1(t) + 2y2Cθy2(t− τ)− 2z2Cθp2(t− τ)
(A.21)
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xBB(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Bθy1(t) + 2z1Bθp1(t) + 2y2Bθy2(t− τ)− 2z2Bθp2(t− τ)
(A.22)
xBA(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Bθy1(t) + 2z1Bθp1(t) + 2y2Aθy2(t− τ)− 2z2Aθp2(t− τ)
(A.23)
xBC(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Bθy1(t) + 2z1Bθp1(t) + 2y2Cθy2(t− τ)− 2z2Cθp2(t− τ)
(A.24)
xCC(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Cθy1(t) + 2z1Cθp1(t) + 2y2Cθy2(t− τ)− 2z2Cθp2(t− τ)
(A.25)
xCA(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Cθy1(t) + 2z1Cθp1(t) + 2y2Aθy2(t− τ)− 2z2Aθp2(t− τ)
(A.26)
xCB(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)
− 2y1Cθy1(t) + 2z1Cθp1(t) + 2y2Bθy2(t− τ)− 2z2Bθp2(t− τ)
(A.27)
The delays in the rotation coupled error have been ignored under the assumption that the
spacecraft rotation rate of change will be negigible on the ∼ 1 ms round-trip time-scale.
A.4 Line-of-sight displacement in a multi-link GRACE
The rotation-to-pathlength coupled displacement is cancelled in two stages. First the
spacecraft 2 rotation is cancelled by synthesising three measurements between the optical
heads on spacecraft 1 and the spacecraft 2 centre of mass. Using weighted averages of the
round-trip displacement measurements, the following measurements can be synthesised:
xA(t) = w2AxAA(t) + w2BxAB(t) + w2CxAC(t) (A.28)
xB(t) = w2AxBA(t) + w2BxBB(t) + w2CxBC(t) (A.29)
xC(t) = w2AxCA(t) + w2BxCB(t) + w2CxCC(t) (A.30)
The weights w2A, w2B, w2C required to cancel the spacecraft 2 rotation coupled displace-
ment noise can be calculated by solving the following system of equations:
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∑
w2i = 1∑
w2i · y2i = 0∑
w2i · z2i = 0
(A.31)
where i = A,B,C. The first of these equations requires the spacecraft weights to be
normalised. The second and third equations are needed to cancel the displacement error
from yaw and pitch respectively. Solving the system of equations the spacecraft 2 weights
are:
 w2Aw2B
w2C
 =
 1 1 1y2A y2B y2C
z2A z2B z2C

−1  10
0
 (A.32)
Applying these weights the displacement between the spacecraft 1 optical heads and the
spacecraft 2 centre of mass can be calculated cancelling the effect of any spacecraft 2
rotation:
xA(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)− 2y1Aθy1(t) + 2z1Aθp1(t) (A.33)
xB(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)− 2y1Bθy1(t) + 2z1Bθp1(t) (A.34)
xC(t) = xL1(t)− xL1(t− 2τ)− 2xR(t)− 2y1Cθy1(t) + 2z1Cθp1(t) (A.35)
To recover the spacecraft displacement along the line-of-sight between the two spacecraft
centres of mass xc.m(t) a weighted average using spacecraft 1 weights is performed:
xc.m(t) = w1AxA(t) + w1BxB(t) + w1CxC(t) (A.36)
The spacecraft 1 weights w1A, w1B and w1C needed to cancel spacecraft 1 rotation coupled
displacement noise can be calculated using Eq. A.32 with the spacecraft 1 optical head
coordinates (y1A, z1A), (y1B, z1B) and (y1C, z1C).
Applying these weights the centre of mass displacement can be recovered:
xc.m = xL1(t)− xL1(t− 2τ)− 2xR(t) (A.37)
This is the same as the centre of mass displacement calculated in the 2 optical head
example given in Eq. 3.47. Fibre path fluctuations, laser 2 frequency noise and rotation-
to-pathlength error from both spacecraft has been suppressed.
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